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Achieving strong focusing of MeV electron beams is a critical requirement for advanced beam
applications such as compact laboratory x-ray sources, high gradient accelerators, and ultrafast electron
scattering instrumentation. To address these needs, a compact radially magnetized permanent magnetic
solenoid (PMS) has been designed, fabricated, and tested. The solenoid provides a compact and
inexpensive solution for delivering high axial magnetic fields (1 T) to focus MeV electron beams. Field
characterization of the solenoid demonstrates good agreement with analytical models, validating the PMS
design. The electron beam test employs a high-brightness photoinjector to study the focusing properties of
the PMS. The results indicate a focal length of less than 10 cm and a significant reduction in beam size with
small spherical aberrations. Two application cases are evaluated: angular magnification in ultrafast electron
diffraction setups and strong focusing for Compton scattering or other microfocus uses.
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I. INTRODUCTION

The generation of relativistic electron beams with MeV-
scale energies from rf photoinjectors has revolutionized
ultrafast science and advanced photon sources [1].
Characterized by subpicosecond temporal duration and
submicron transverse emittance, these beams are indispen-
sable across diverse domains including ultrafast electron
diffraction (UED) [2], inverse Compton x-ray sources [3],
compact high-frequency accelerators [4,5], and MeV-scale
electron microscopy and radiography [6,7]. In these appli-
cations, achieving strong focusing of relativistic electron
beams is critical—whether to resolve atomic-scale struc-
tural dynamics through angular magnification in UED [8],
enhance photon production in compact light sources [9], or
enable precise beam manipulation and injection in
advanced acceleration schemes. However, the relativistic
inertia of MeVelectrons drastically reduces their sensitivity
to transverse focusing fields compared with keV beams
[10], posing stringent demands on magnetic optics systems.
Conventional electromagnetic solenoids, though capable

of delivering the required focusing, have several practical
limitations such as significant power consumption, active
cooling requirements, and a generally larger footprint—all
factors that hinder their integration into space-constrained

beamlines or experimental setups. Permanent magnets,
which leverage rare-earth magnetic materials such as
NdFeB, have emerged as a compelling alternative, offering
high magnetic fields, passive operation, and compact
geometries. Permanent magnetic quadrupoles, for instance,
can access very high field gradients (exceeding 500 T=m)
in millimeter-scale apertures, culminating in compound
lenses with focal lengths as short as a few cm [11–13].
Achieving stigmatic focusing (equal focal lengths in x and
y) with permanent magnet quadrupoles typically requires
using a triplet configuration, with precise control over the
longitudinal spacings between quadrupoles to near μm
precision. Like quadrupole triplets, permanent magnetic
solenoids (PMS) offer passive and compact focusing for
MeV electron beams, but further provide axisymmetric
focusing and greater experimental simplicity [14–16]. PMS
designs can be classified into two categories based on
magnetization orientation: axially magnetized (AM-PMS)
and radially magnetized (RM-PMS) configurations.
Previous studies have shown that dual-ring RM-PMS
designs achieve higher peak on-axis fields compared to
axially magnetized designs under the same size and weight
constraints [[15], Chapter 3], making them particularly
suitable for applications demanding high field strengths in
limited spatial footprints. Pairing two PMS together can be
used to tune the focusing strength, cancel multipole
moments, and reduce aberrations.
In this paper, we present the design, field characteriza-

tion, and electron beam test of a dual-ring RM-PMS
optimized for UED applications. The PMS features a
1.2 cm bore diameter to accommodate relatively large
beam sizes while achieving a peak on-axis field of 1 T.
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Comprehensive simulations and Hall probe field mapping
confirm good agreement between modeled and measured
field profiles. The RM-PMS design was based on a beam
energy of 4 MeV typical for MeV-UED experiments.
However, to evaluate focusing performance, we conducted
electron beam experiments using a 7.1 MeV high-bright-
ness photoinjector beamline, demonstrating an 8.4 cm focal
length in agreement with the predictions. Notably, achiev-
ing a similar result with an electromagnetic solenoid would
have likely required superconducting technology [17] (see
Appendix A) with multiple orders of magnitude increase in
size and cost for the electron lens. These results establish
the PMS as a robust, cost-effective, cooling-free solution
for strong focusing of relativistic beams, directly address-
ing the needs of many applications requiring compact,
high-field focusing for MeV high brightness beams. After
revisiting some design considerations, we present the
magnetic measurements of the first prototype RM-PMS,
followed by the presentation of the results of the relativistic
beam tests. We then conclude discussing a couple of
specific applications of a compact PMS, including improv-
ing the angular magnification of the diffraction pattern in a
UED setup, the generation of tight beam waists for inverse
Compton scattering sources [3,18], and other instances
where submicron beam spot sizes are desired [19,20].

II. RADIALLY MAGNETIZED PMS RINGS

A. Design and fabrication

The on-axis magnetic field of a single RM-PMS ring
with inner radius Ri, outer radius Ro, and length L, as
depicted in Fig. 1(a), can be calculated using a surface
current model [21] and is given by

Bz;RM-PMS ¼ Bz;diskðzþ L=2Þ − Bz;diskðz − L=2Þ; (1)

where Bz;disk is the on-axis field of a thin current disk and
can be expressed as

Bz;diskðzÞ ¼
Br
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where Br is the remanence of the magnet. Equation (1)
describes the field of a radially outward-magnetized PMS,
and the field reverses sign for a radially inward-magnetized
PMS. Figure 1(b) presents the field profile of a single RM-
PMS ring (magnetized outward) calculated with Eq. (1)
with Br ¼ 1.32 T, Ri ¼ 0.6 cm, Ro ¼ 3.5 cm, and
L ¼ 1.6 cm. A notable property of RM-PMS, evident from
Eq. (1) and Fig. 1(b), is that the integral of the on-axis field
over the longitudinal axis vanishes, which implies RM-
PMS produces no net Larmor rotation.

We initially estimate the focal lengths of individual RM-
PMS rings with varying wall thickness (Ro − Ri), length,
and inner radii using thin-lens solenoid approximation.
This method, based on the impulse approximation, models
the solenoid as imparting an instantaneous transverse kick
to the beam. The resulting focal length is then given by the
expression [10],

1

f
¼
�

e
2pz

�
2
Z

∞

−∞
B2
z dz; (3)

where e and pz are the electron charge and longitudinal
momentum. The results for a 4 MeV kinetic energy beam
are presented in Fig. 1. In general, achieving shorter focal
lengths requires using rings with thicker walls, longer
lengths, or smaller inner radii, as these adjustments enhance
the on-axis field.
The on-axis field can be further enhanced by combining

two coaxial RM-PMS rings with opposite radial magneti-
zation directions (inward and outward) to form a dual RM-
PMS ring. Following the notation in [15] and using 2l1 to
denote the distances between the inner faces [see Fig. 2(a)],

(a) (b)

(c)

FIG. 1. (a) Cartoon design of a single RM-PMS ring. The
arrows in the segments denote the direction of magnetization.
(b) On-axis field profile of a single RM-PMS ring with
Ri ¼ 0.6 cm, Ro ¼ 3.5 cm, and L ¼ 1.6 cm. (c) Focal lengths
f of single RM-PMS rings (Br ¼ 1.32 T) as a function of wall
thickness (Ro − Ri) and length L for inner radii Ri ¼ 0.6, 0.8,
and 1 cm (electron beam kinetic energy 4 MeV). Different colors
represent the corresponding focal lengths calculated with Eq. (3).
The star in the plot denotes the final design parameters of the
single RM-PMS ring with Ri ¼ 0.6 cm, Ro − Ri ¼ 2.9 cm,
and L ¼ 1.6 cm.
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the on-axis field of the dual RM-PMS ring configuration is
given by

Bz;dual ¼Bz;diskðzþ l1Þ þ Bz;diskðz − l1Þ
− Bz;diskðzþ l1 þ LÞ − Bz;diskðz − l1 − LÞ: (4)

As depicted in Fig. 2(b), the field profiles of the dual
RM-PMS rings can be adjusted by varying the separation
distances between the single rings. To illustrate the effect
of varying l1 on focusing strength and field aberrations
of the dual RM-PMS rings, we consider a configuration
composed of two single rings with dimensions Ri ¼
0.6 cm, Ro ¼ 3.5 cm, L ¼ 1.6 cm, and a remanence of
Br ¼ 1.32 T. We compute the transfer maps in COSY

INFINITY [22] for beams with 4 MeV kinetic energy, using
transport matrix notation where Rij and Uijkl denote first-
(6 × 6) and third-order (6 × 6 × 6 × 6) transfer matrix
elements, respectively [23]. The focal length of the dual
ring is determined by fx ¼ −1=R21, while the spherical
aberration coefficient is calculated as Cs;x ¼ U1222=R11. As
shown in Fig. 2(c), the spherical aberration coefficient
generally scales with the focal length, and an optimal
separation distance exists that minimizes either the focal
length or the spherical aberration coefficient.
The final design parameters of the RM-PMS ring are

summarized in Table I. These parameters were selected to
minimize the focal length at 4 MeV (approximately 4 cm)
while also considering practical constraints such as holder

dimensions and stage compatibility. Ray-tracing simula-
tions of the optimized design yield focal lengths of 4.2 and
8.4 cm for beams with kinetic energies of 4 and 7 MeV,
respectively, and are consistent with −1=R21 calculated
with COSY INFINITY.
A critical design consideration for PMS systems is the

residual steering effect of its stray field when the magnet is
retracted from the beam path. Unlike electromagnetic
solenoids, which can be deactivated, a PMS must be
mechanically displaced, potentially exposing the beam to
fringe fields when not in use. To quantify this effect, we
simulate off-axis stray field maps of the dual RM-PMS ring
in RADIA [24] for different horizontal offsets and import
field maps into GPT [25] for beam tracking. Result in Fig. 3
shows significant steering effect in the x direction, with
induced kick over 15 mrad when moved 5 cm off axis for
an electron beam with 4 MeV kinetic energy. The steering
diminishes at larger offsets, suggesting adequate suppres-
sion can be achieved by retracting the magnet sufficiently
from the beam path. Although magnetic shielding could
further reduce the steering [[15], Chapter 4], adding it to the
1.4 kg weight of the dual PMS ring would increase the

(a)

(c)

(b)

FIG. 2. (a) Schematic of dual RM-PMS ring arrangement.
(b) On-axis field profiles of dual RM-PMS rings with
Br ¼ 1.32 T, Ri ¼ 0.6 cm, Ro ¼ 3.5 cm, L ¼ 1.6 cm, and dif-
ferent values of l1. The blue, green, and orange traces correspond
to l1 ¼ 0.5, 1.5, and 2.5 cm, respectively. (c) Evolution of focal
length fx ¼ −1=R21 (blue trace, left axis) and spherical aberra-
tion coefficient (green trace, right axis) for different values of l1 at
4 MeV kinetic energy. The orange dotted line denotes the final
design choice of l1 ¼ 0.935 cm.

TABLE I. Final design parameters of the RM-PMS ring. The
focal lengths are calculated with fx ¼ −1=R21.

Parameter Symbol Value Unit

Remanence Br 1.32 T
Inner radius Ri 0.6 cm
Outer radius Ro 3.5 cm
Length of single ring L 1.6 cm
Center to inner face l1 0.935 cm
Focal length (single ring, 4 MeV) fs;4 MeV 7.8 cm
Focal length (single ring, 7 MeV) fs;7 MeV 19.3 cm
Focal length (dual ring, 4 MeV) fd;4 MeV 4.2 cm
Focal length (dual ring, 7 MeV) fd;7 MeV 8.4 cm

FIG. 3. Kick exerted on electron beam by PMS fringe fields
when the magnet is moved off-axis horizontally. Blue traces
denote the kick in x (left axis) and green traces the kick in y (right
axis, different vertical scale).
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complexity to the stage assembly. Consequently, we have
opted to mitigate the steering effect by ensuring a sufficient
horizontal displacement rather than incorporating addi-
tional shielding.
There are two primary techniques for themanufacturing of

RM-PMSrings: hot-pressed sintering [26] (producingmono-
lithic rings with superior azimuthal uniformity) and wedge-
based assembly (using premagnetized sectors). While the
former offers enhanced uniformity inmagnetization [27], the
geometric constraints of our design—specifically the ring
length and wall thickness—necessitate the wedge-based
approach. Field maps derived from RADIA simulation indi-
cate that segmentation of eight pieces does not generate
significant multipole components under ideal conditions
(though imperfections of magnetization may introduce such
components, as discussed in the following section). Notably,
the peak on-axis field is reduced by approximately 2.5%
compared to a monolithic RM-PMS ring—a compromise
deemed acceptable given the manufacturing feasibility.

B. Characterization

The wedge-based fabrication process introduces suscep-
tibility to magnetization imperfections in individual wedges
[16]. To mitigate these effects, each single RM-PMS ring
underwent systematic characterization, enabling sorting and
rotational pairing to minimize the steering and astigmatism
from field errors. Upon receiving the single RM-PMS rings
from the manufacturer, we implemented the following
procedures for characterization and assembly: (i) 3D field
mapping: 3D Hall probe scans (0.4 × 0.4 × 40 cm volume
around mechanical and field centers) were performed for all
RM-PMS rings. (ii) Generalized gradient computation: The
measured field maps around mechanical centers were proc-
essed to compute the generalized gradient expansion of the
magnetic fields [28]. This technique expresses the fields in
terms of z-dependent multipoles coefficients and their
derivatives (pseudomultipoles) and is derived from the

measured ðBx; By; BzÞ components on the surface of a
rectangular boundary. The expansion effectively smooths
measurement noise and errors, providing a robust and
accurate representation of the field for transfer map calcu-
lations. In this work, field maps centered on the mechanical
axis were used instead of the magnetic field centers, as the
magnets are to be rotated about their mechanical centers
during assembly. It is worth noting that determination of the
mechanical center can be affected by alignment uncertainties
inherent to optical tooling. A detailed analysis of the
sensitivity of the generalized gradient characterization to
such alignment errors is provided in Appendix B.
(iii) Numerical optimization: Generalized gradient represen-
tation of each RM-PMS is numerically rotated and paired
with a counterpart of opposite magnetization for all possible
permutations. Transfer matrices of the combined fields were
calculated in ELEGANT [29], optimizing rotation angle and
combination to minimize deviations in R21 and R43 (astig-
matism) while suppressing beam kicks induced by dipole
components. (iv) Assembly and validation: Selected pairs
were physically rotated, assembled, followed by a 3D Hall
probe scan to verify the field components after combination.
In principle, step (iv) can be iterated to refine focusing

performance (stigmatic focusing and zero kick) based on
measured fields. However, the strong axial attraction forces
between oppositely magnetized RM-PMS rings complicate
disassembly and angular adjustments. Consequently, the
numerical superposition in step (iii) served as the definitive
optimization step. A batch of ten single RM-PMS rings was
ordered from the vendor—five radially magnetized inward
and five outward. Generalized gradient characterization
confirmed that the peak on-axis fields of all rings are within
0.01 T from the expected values. Based on these results,
two pairs of RM-PMS rings were selected and assembled
following the outlined procedure.
Figure 4(a) shows the picture of a dual RM-PMS ring

after assembly. The generalized gradients calculated from

(a) (b)

FIG. 4. (a) Fully assembled dual RM-PMS ring. (b) On-axis magnetic field of the dual RM-PMS ring comparing a superposition of the
preassembly single-ring measured field profiles (blue), measured postassembly dual-ring field (green), analytical calculation (orange),
and RADIA simulation. The inset on the left shows a comparison of field profiles near the peak.
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3D field maps contain solenoidal and multipole compo-
nents. We compare four evaluations of the solenoidal fields
Bz in Fig. 4(b): (1) superposition of single-ring measure-
ments, (2) measurements of the dual ring after assembly,
(3) fields computed from Eq. (4) based on ring dimensions,
and (4) RADIA simulations. The good agreement between the
four methods confirms that the dual RM-PMS ring achieves
peak field of 1 T. Similarly, the multipole components of the
dual RM-PMS ring are shown in Figs. 5(a)–5(d). Overall, we
found reasonable agreement between the multipole compo-
nents of pre- and post-assembly measurements, validating
the robustness of the characterization and assembly
procedure.

III. ELECTRON BEAM EXPERIMENT

To confirm the focusing properties of the dual PMS ring,
we performed electron beam experiments at the UCLA
Pegasus beamline [8]. The beamline consists of an S-band
rf photoinjector comprising an alkali antimonide photo-
cathode mounted in a 1.6-cell resonant cavity [30]. Elec-
tron bunches are produced from the gun with 500 fC charge,
focused by a gun solenoid, and injected into a downstream
linac to accelerate the beam to 7.1 MeV kinetic energy. A
dual RM-PMS ring is mounted on a 3-axis translation stage
located 3.6 m downstream of the cathode. This stage enables
horizontal translation over a distance of 7 cm, allowing the
PMS to be extracted from the beam path when needed. In
addition, the longitudinal stage offers a 5 cm travel range,
while a vertical actuator permits adjustments of �1 cm
Transverse beam profiles are recorded using a 20 μm thick
YAG screen located 8.25 cm from the center of the PMS.
Figures 6(a) and 6(b) present the electron beam profiles

with the PMS retracted and inserted. With PMS inserted,

the rms beam size decreases from 215 μm in x and 315 μm
in y (average of 52 shots) to 35 μm in x and 25 μm in y
(average of 30 shots), demonstrating its focusing effect.
Note that although the beam profiles appear rotated by 90°
between the two configurations, this is not primarily due to
Larmor rotation—the x − y coupling introduced by the
PMS is relatively small (to be shown in the following)—but
is attributed to asymmetric Twiss parameters in the x and y
planes.
To accurately determine the beam waist, we performed a

longitudinal scan of the PMS position, recording approx-
imately 30 shots of beamprofiles at eachposition. Figure 6(c)
illustrates the evolution of the rms beam size as a function of
the axial displacement of the PMS. The beam size reaches a
minimum of 34 μm in x and 23 μm in y at a longitudinal
position of 8.4 cm, thereby confirming the focusing capabil-
ity predicted from the magnetic field distribution.
The axial scan also allows us to determine the emittance

and Twiss parameters of the incoming electron beam. The
rms beam size evolution σðsÞ is fitted using following
function,

σðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β0εgeo

�
1þ

�
s − s0
β0

�
2
�s
; (5)

where β0 is the Twiss β function at waist, s0 is the waist
location, and εgeo is the geometric emittance. This allows us
to extract the geometric emittance of the beam εgeo immedi-
ately upstream of the focus, yielding horizontal and vertical
values of 59 and82nm, respectively. TheTwiss parameters at
PMS entrance are obtained by numerically matching the
beam size evolution in GPT simulationwithmeasured values.
The initial Twiss parameters upstream of the PMS (25 cm
frommagnet center) are found to be αx ¼ 0.6, βx ¼ 0.55 m,
αy ¼ 0.02, βy ¼ 1.2 m, with fitted beam evolution shown
in Fig. 6(c).
To characterize experimentally the linear transport of the

PMS, we scanned the horizontal and longitudinal lens
position on the motorized stage and measured the corre-
sponding changes in the beam centroids on the YAG
screen. A superposition of the measured beam profiles is
presented in Fig. 7(a). Denoting the horizontal beam
position just before the PMS as x0, the horizontal and
longitudinal displacements of the stage X; Z, and the
horizontal and vertical beam centroids at the YAG screen
hx1i and hy1i, the following expressions for linear transport
matrix elements can be derived:

R11 ¼ 1 − ∂Xhx1i; (6)

R21 ¼ ∂X∂Zhx1i; (7)

R31 ¼ −∂Xhy1i; (8)

R41 ¼ ∂X∂Zhy1i: (9)

(a) (b)

(c) (d)

FIG. 5. (a) Vertical and (b) horizontal dipole components of the
measured fields. (c) Normal and (d) skew quadrupole compo-
nents of the measured fields. Blue traces represent the super-
position of single-ring measurements before assembly, while
green traces correspond to measurements of the dual ring after
assembly.
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These expressions follow from a coordinate transformation
that maps the frame in which the lens is stationary (with
respect to which the transport matrix is defined) to the
laboratory frame (in which the position of the beam as it
enters the lens is held fixed and instead the center of the
lens moves). Written explicitly, the change of variables is
x1 ↦ x1 þ X, ∂x0 ↦ −∂X, and d

dz ↦ −∂Z. Partial deriva-
tives in Eqs. (6)–(9) are extracted from polynomial fits to
the discrete scan data:

hx1i ¼ c0 þ c1X þ c2Z þ c3XZ; (10)

hy1i ¼ c4 þ c5X þ c6Z þ c7XZ; (11)

with ci the fit parameters. The agreement of these fits with
data is shown in Fig. 7(b), with coordinates transformed
back into the lens-stationary frame. Solid lines show the
fitted relationship between horizontal beam position enter-
ing the lens and position measured on the screen for three
different lens-to-screen drift distances.
We also simulate the horizontal scans in GPT using the

3D field maps reconstructed from generalized gradient
characterization described in Sec. II B and repeat the fitting
procedures for the simulated scan. The results of the fitting
are shown in Fig. 7(b), with the extracted transport matrix
elements summarized in Table II for experiment and
simulation. It is worth noting that the fitting uncertainties

(c)(b)(a)

FIG. 6. Measured electron beam profiles on the YAG screen when PMS is retracted (a) and inserted (b) in beam path. The inset in
(b) shows a close-up view of the focused electron beam. (c) rms beam size vs z position of the PMS in axial scan. The shaded area in blue
and green corresponds to one standard deviation around the average beam sizes at each longitudinal position. The standard deviation and
average are calculated over approximately 30 shots after applying a threshold on beam intensities.

(a) (b)

FIG. 7. Linear transport measurements: (a) horizontal scan of the PMS lens position results in the image on the final screen shown,
color encodes the longitudinal distance from magnet center: top panel shows experimental data and bottom shows panel particle-
tracking simulation. (b) Horizontal position of the spot on the screen as a function of the position of the beam in the lens, both expressed
relative to the optical axis of the lens, for three longitudinal lens positions shown in the legend. Top panel shows experimental
data, bottom simulation. Error bars show �σ, the rms size of the beam centroid movement on the screen. Color carries the same
meaning as (a).

T. XU et al. PHYS. REV. ACCEL. BEAMS 28, 082401 (2025)

082401-6



for R11, R31, and R41 appear relatively large due to the small
absolute values of these matrix elements—small variations
in the data lead to proportionally larger relative errors. A
key matrix element is R21, which relates to the focal length
f through f ¼ −1=R21. The experimentally determined
focal length is f ¼ 8.4� 0.1 cm, consistent with the
simulation predictions. Additionally, small but non-negli-
gible R31 and R41 terms indicate some degree of x − y
coupling. The coupling arises from skew quadrupole
components introduced by imperfections in the wedge
geometry.

IV. APPLICATIONS

A. Angular magnification

Our primary intended application of the dual RM-PMS
ring is angular magnification in MeV-UED [8]. In a typical
UED beamline, electrons are scattered by a sample and the
scattering angles x0sample are converted into spatial offsets
xdetector on the detector by a drift ld,

xdetector ¼ x0 þ ldðx00 þ x0sampleÞ: (12)

Here x0 and x00 are the position and divergence of the
electron just before the sample. The mapping from x0sample

to xdetector is not exact due to the contribution of x0 and x00.
Adding magnetic optics downstream of the sample can
remove the x0 term and increase the effective camera length
(transfer matrix element R12). As illustrated in Fig. 8, an
objective lens (OL) of focal length fobj maps the divergence
into spatial offsets at its back focal plane (BFP). The virtual
image is then magnified by an eyepiece lens of focal length
feye over distance le. The final position on detector is
given by

xdetector ¼ fobj
le þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
leðle − 4feyeÞ

p
le −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
leðle − 4feyeÞ

p ðx00 þ x0sampleÞ

≈ fobj
le
feye

ðx00 þ x0sampleÞ (13)

the approximation above is valid when le ≫ feye. With
proper choice of le, fobj, and a short-focal-length eyepiece
lens (small feye), the camera length can be made larger than
ld, which allows magnification of the diffraction pattern.
Here, we consider an angular magnification setup at

SLAC MeV-UED facility [31]. The objective lens is an
axially magnetized AM-PMS with focal length fobj ¼
67 cm at 4 MeV [32]. The eyepiece lens is the dual
RM-PMS ring described in previous sections, with a focal
length feye ¼ 4.2 cm. For a total drift distance ld ¼ 3.2 m,
we estimate from Eq. (13) that a magnification of 12 can be
achieved compared with drift only when objective lens is
positioned 10 cm downstream of sample. We perform start-
to-end GPT simulations for a bilayer WS2 sample with 7° tilt
between layers, where the final electron beam ðx; yÞ
distributions are binned into images and convolved with
the point spread function (PSF) of the phosphor screen
(Gaussian with σ ¼ 85 μm). The diffraction patterns
on the detector are shown in Fig. 8 for scenarios when
the PMS magnets are retracted and inserted. Without the

TABLE II. Transport matrix elements and fitting errors from
magnet entrance to 8.25 cm downstream of magnet center, for a
beam kinetic energy of 7.1 MeV.

Experiment Simulation

R11 −3� 1 × 10−2 −3.57 × 10−2
R21 −11.9� 0.3 m−1 −11.9 m−1
R31 8� 2 × 10−2 8.70 × 10−2
R41 0.5� 0.5 m−1 7.65 × 10−1 m−1

(c)(b)(a)

FIG. 8. Simulated diffraction pattern of bilayer WS2 when PMS magnets are retracted (a) and inserted (b) in the beam path. The inset
in (a) shows a close-up of the region of interest. The cartoons on the top depict the trajectories of the scattered electron for the two cases.
(c) Projections of two diffraction peaks with coordinate converted to reciprocal space for PMS out (blue trace) and PMS in (green trace).
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magnification, the resolution in the reciprocal space suffers
from PSF of the screen and finite pixel size. The angular
magnification enabled by the postsample optics overcomes
this limitation; the diffraction peaks in Fig. 8(b) are clearly
separated, whereas they are connected in the unmagni-
fied case.
To quantify the reciprocal space resolution, we converted

the diffraction patterns into reciprocal space to determine the
widths of the diffraction peaks.As shown inFig. 8(c), the rms
spread of the diffraction peaks (relative to a predefined
centroid separation of 0.278 Å−1 for adjacent 100 peaks) is
determined by Gaussian fitting of the peak width. This
analysis yields a reciprocal resolution of 0.083 Å−1 for the
unmagnified case and 0.05 Å−1 for the magnified case. This
improvement is consistent with the resolution calculated
from the beam size σx and normalized emittance εx at the
sample plane using Δs ¼ 2π

λe

εx
σx
, where λe is the Compton

wavelength of electrons [31]. Further resolution enhance-
ment will require reducing the beam emittance.
Lens aberrations do not affect the magnified image

because the beamlets of interest at the PMS entrance are
much smaller than the lens aperture. However, limited by
the finite detector size, only a few magnified diffraction
peaks can be captured within a single field of view. To
address this, a steering magnet can be used to direct
different portions of the diffraction pattern through the
PMS, enabling targeted magnification of specific regions in
reciprocal space. Using PMS for both the objective and the
eyepiece lenses offers an additional benefit: it cancels net
Larmor rotation, which further simplifies the alignment and
navigation across regions of interest.

B. Tight focusing

A variety of accelerator applications require tight focus-
ing of MeV electron beams, e.g., inverse Compton scatter-
ing. Simulations and measurements indicate the PMS
should deliver a focal length of a few cm and achieve
sub-10 μm beam sizes for MeVelectron beams. In an ideal
lens, the rms beam size at the focus is limited only by the
convergence angle φ of the beam, a result that follows from
the envelope equation:

σx;f ¼
εx
βγφ

: (14)

Here, εx is the normalized emittance, β is the ratio of v to c,
γ is the Lorentz factor, and φ ≔ σx;0=f with σx;0 the beam
size at lens entrance. With short-focal-length magnets and
low-emittance electron beams, a sub-10 μm beam size can
be achieved simply by increasing the initial beam size.
However, nonlinear aberrations of the lens imposes a

practical limit on this scheme [15,33]. A simple transport
model can be used to estimate the minimum beam size
achievable with the PMS, accounting for the nonlinear
focusing of the magnet. Consider a particle with trace space

coordinates ðx0; x00Þ at the magnet entrance. The particle
receives a focusing kick when passing through the magnet,

x01 ¼ x00 þ R21xo þU2111x30: (15)

The matrix element R21 can be approximated by −1=f,
while U2111, the higher order term associated with the
nonlinear aberrations, can be computed exactly with COSY

INFINITY or Green’s function methods [34]. U2111 can also
be estimated based on the axial profile derivatives alone
using the following impulse based expression,

U2111 ≈ − e2

8p2
z

Z
∞

−∞

�
∂Bz

∂z

�
2

dz (16)

following [33] using a constant-radius approximation.
Assuming the transverse coordinate at the magnet exit is
unchanged (x1 ¼ x0), the position of the particle in the back
focal plane is

xf ¼ x1 þ fx01 ¼ x0 þ fx01: (17)

Inserting Eq. (15) into Eq. (17), the resulting expression for
the rms beam size, valid for a Gaussian beam, is

σx;f ¼ f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2x

β2γ2σ2x;0
þ 15U2

2111σ
6
x;0

s
: (18)

In deriving this expression, we make use of the math-
ematical identity that for a Gaussian distribution,
hx60i ¼ 15σ6x;0. The optimal initial size to achieve the
minimum final spot size is therefore,

σ min
x;0 ¼

�
ε2x

45β2γ2U2
2111

�1
8

: (19)

We calculated the spot sizes at the focal point of the PMS
ring for a 7 MeV electron beam with 500 fC charge and
various initial sizes, and compared the results obtained with
different methods. The focal length and U2111 of the dual
RM-PMS ring are calculated to be 8.4 cm and−0.045 cm−3,
respectively, at a kinetic energy of 7 MeV.1 As depicted in
Fig. 9(a), the final rms beam size continues to decrease with
larger initial beam size until it reaches a minimum, beyond
which further increases in the initial beam size result in
growth that scales like σ3x;0, as indicated by Eq. (18). Space
charge forces induce a defocusing for the converging beam at
the waist location, effectively increasing the beam size at the

1The results are calculated with COSY INFINITY and agree with
values calculated with Green’s function method. Calculating
U2111 with Eq. (16) gives −0.08 cm−3, which overestimates
the nonlinear kick as it uses a constant-radius approximation.
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nominal focal point. In general, the beam sizes follow the
trends predicted by Eq. (18).
We also compare the beam sizes at the back focal plane

for different initial emittances in GPT simulations that
include space charge effects. Due to the interplay between
the terms in Eq. (18), the impact of nonlinear aberrations is
more pronounced for low-emittance beams, while smaller
beam sizes are also achieved with lower-emittance beams.
Consequently, identifying the smallest possible spot size
requires optimally balancing the initial beam sizes with
beam emittance and lens aberration considerations.

V. CONCLUSIONS

We have designed, characterized, and experimentally
tested a compact PMS capable of providing strong focusing
for MeV-scale electron beams, with a focal length on the
order of a few centimeters. The dual ring, radially mag-
netized PMS was optimized to achieve a peak on-axis
magnetic field of 1 T within a 1.2 cm bore, offering a
practical, power-free alternative to conventional electro-
magnetic solenoids. Detailed field mapping showed good
agreement with theoretical models, validating both the
design methodology and fabrication quality.

Beam tests conducted using a 7 MeV photoinjector
validated the strong focusing capability of the PMS,
demonstrating a significant reduction in beam size and
confirming its suitability for high-brightness electron beam
applications. Complementary simulations further high-
lighted the PMS’s utility in enabling angular magnification
for MeV-UED experiments, improving reciprocal space
resolution beyond the conventional limits of the detector
by overcoming point spread function and pixel size
constraints.
Beyond ultrafast electron diffraction, the PMS design is

broadly applicable to other accelerator-based systems requir-
ing compact, high-field focusing for moderately relativistic
(few MeV) beams. Potential applications include inverse
Compton scattering sources, where tight focusing is critical
for high brightness, as well as MeV-scale electron micros-
copy, where high-resolution imaging relies on strong, aber-
ration-minimized magnetic lenses. The demonstrated
performance establishes this PMS as a robust solution for
precision beam control in compact accelerator systems.
Future work will focus on further optimization of its design
for enhanced focusing strength and reduced aberrations, as
well as exploring its integration into broader accelerator
applications.
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APPENDIX A: COMPARISON OF PMS
AND ELECTROMAGNETIC SOLENOID

Consider a thick electromagnetic solenoid without an
iron yoke, defined by its inner radius Ri, outer radius Ro,
and length LEM. The axial field follows as [36],

(a)

(b)

FIG. 9. Evolution of beam size at focal point vs beam size at
lens entrance. (a) Comparison of waist sizes calculated with
different methods for a beam with 0.2 μm emittance. (b) Beam
sizes at focal point for beams with different emittances (simulated
using GPT with space charge effects).
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Bz;thickðzÞ ¼
μ0NI

2ðRo − RiÞLEM

�
ðzþ LEM=2Þ ln

�
Ro þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
o þ ðzþ LEM=2Þ2

p
Ri þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
i þ ðzþ LEM=2Þ2

p �

− ðz − LEM=2Þ ln
�
Ro þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
o þ ðz − LEM=2Þ2

p
Ri þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
i þ ðz − LEM=2Þ2

p �� ;

(20)

where N is the number of turns of the coil, I is the
current. For a fair comparison, we select the dimensions
of the electromagnetic solenoid to match those of the
dual RM-PMS ring, using the same inner and outer radii
and setting the solenoid length to LEM ¼ 2l1 þ 2L. The
on-axis field profiles of the PMS and the electromag-
netic solenoid are shown in Fig. 10(a). To achieve a peak
field of 1 T, the required current density, calculated as
J ¼ NI

ðRo−RiÞLEM
, exceeds 3.4 kA=cm2. This current density

is well beyond the limits of conventional copper wind-
ings, indicating that a superconducting solenoid would be
required to match the PMS performance within the same
spatial constraints.
The focal length of the electromagnetic solenoid is

calculated to be 7.1 cm, comparable to that of the PMS.
The nonlinear focusing term U2111 is calculated to be
−0.0065 cm−3, which is an order of magnitude lower than
PMS. This is consistent with a lower field derivative
depicted in Fig. 10(b). These results indicate that the
electromagnetic solenoid offers better focusing perfor-
mance with reduced aberrations compared to the PMS,
assuming such a solenoid can be practically constructed
within the same compact footprint.

APPENDIX B: SENSITIVITY OF GENERALIZED
GRADIENT CHARACTERIZATION TO

MEASUREMENT ERRORS

The Hall probe used in our magnetic field measurements
has a calibration accuracy better than 0.1%, and the
positioning accuracy of the motorized stage is within
0.1 μm—both of which contribute negligibly to the overall
measurement error. The dominant source of uncertainty
arises from aligning the probe with the mechanical center of
the PMS, which is done using a laser tracker and optical
tooling. This alignment process has an estimated accuracy
of approximately�100 μm. The Hall probe sensor location
in its package also has an uncertainty of �50 μm and adds
to error of measurement center.
To quantitatively study the effect of off-axis measure-

ments, we reconstruct a realistic 3D field of a dual RM-PMS
ring from generalized gradient representation. Random align-
ment errors were introduced by applying offsets to the scan
center, and simulated 3D field mappings were performed. A
total of 200 simulations were carried out with ðΔx;ΔyÞ
uniformly distributed within ð�200 μm;�200 μmÞ.

(a)

(b)

FIG. 10. On-axis field profile (a) and its derivative (b)
for a thick electromagnetic solenoid (blue trace) and PMS
(green trace).

(a) (b)

(c) (d)

FIG. 11. Vertical (a) and horizontal dipole (b), normal (c) and
skew (d) quadrupole components extracted from simulated 3D
Hall probe scan with varying measurement center offsets. The
color scale indicates the radial offsets Δr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δx2 þ Δy2

p
from

center.
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The results show that the solenoidal component
extracted from the measurements largely insensitive to
these alignment errors, with peak field variations remain-
ing below 0.001 T. However, the dipole and quadrupole
components extracted from the generalized gradient expan-
sion are more affected. As shown in Fig. 11, the amplitude
of the dipole components varies with the offset—up to
0.02 T—resulting in noticeable changes in the dipole field
profiles. The quadrupole components are less sensitive
to misalignment, with peak amplitude variations within
0.2 T/m, and the profiles are largely unchanged. These
results suggest that, while small alignment errors during
measurement introduce some distortion in the extracted
multipole fields, the overall focusing behavior of the
magnet can still be reliably characterized. However, precise
estimation of the dipole kick may be limited by alignment
uncertainties.
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