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Gradient-Adjusted Underdamped Langevin Dynamics for Sampling\ast 
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Abstract. Sampling from a target distribution is a fundamental problem with wide-ranging applications in
scientific computing and machine learning. Traditional Markov chain Monte Carlo (MCMC) algo-
rithms, such as the unadjusted Langevin algorithm (ULA), derived from the overdamped Langevin
dynamics, have been extensively studied. From an optimization perspective, the Kolmogorov forward
equation of the overdamped Langevin dynamics can be treated as the gradient flow of the relative
entropy in the space of probability densities embedded with Wasserstein-2 metrics. Several efforts
have also been devoted to including momentum-based methods, such as underdamped Langevin dy-
namics, for faster convergence of sampling algorithms. Recent advances in optimization have demon-
strated the effectiveness of primal-dual damping and Hessian-driven damping dynamics in achieving
faster convergence when solving optimization problems. Motivated by these developments, we in-
troduce a class of stochastic differential equations (SDEs) called gradient-adjusted underdamped
Langevin dynamics (GAUL), which add stochastic perturbations in primal-dual damping dynamics
and Hessian-driven damping dynamics from optimization. We prove that GAUL admits the correct
invariant distribution, whose marginal is the target distribution. The proposed method outperforms
overdamped and underdamped Langevin dynamics regarding convergence speed in the total varia-
tion distance for Gaussian target distributions. Moreover, using the Euler--Maruyama discretization,
we show that the mixing time toward a biased target distribution only depends on the square root of
the condition number of the target covariance matrix. In addition, we propose another discretization
scheme based on the splitting method, which yields a smaller first-order asymptotic bias than the
Euler--Maruyama scheme when sampling a Gaussian distribution. Numerical experiments for non-
Gaussian target distributions, such as Bayesian regression problems and Bayesian neural networks,
further illustrate the advantages of our approach over classical methods based on overdamped or
underdamped Langevin dynamics. We also compare with the randomized Hamiltonian Monte Carlo
method, showing that it achieves competitive performance.
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1. Introduction. Sampling from a target distribution is a long-standing quest and has
numerous applications in scientific computing, including Bayesian statistical inference
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1736 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

[55, 63, 52, 37], Bayesian inverse problems [67, 41, 29, 35], as well as Bayesian neural networks
[77, 2, 73, 42, 54, 60]. In this direction, various algorithms have been developed to sample a
target distribution \pi \propto exp( - f) for a given function f : \BbbR d \rightarrow \BbbR , where \pi is only known up
to a normalization constant. In this area, a simple and popular algorithm is the unadjusted
Langevin algorithm (ULA):

\bfitx k+1 =\bfitx k  - h\nabla f(\bfitx k) +
\surd 
2h\bfitz k ,(1.1)

where \bfitx k \in \BbbR d, k is the iteration number, f is assumed to be a differentiable function, h > 0
is a step size, and \bfitz k is a d-dimensional random variable with independently and identically
distributed (i.i.d) entries following standard Gaussian distributions. The ULA algorithm (1.1)
comes from the forward Euler discretization of a stochastic differential equation (SDE) known
as overdamped Langevin dynamics:

d\bfitx t = - \nabla f(\bfitx t)dt+
\surd 
2d\bfitB t ,(1.2)

where \bfitx t \in \BbbR d and \bfitB t is a standard d-dimensional Brownian motion. Under some mild
conditions on f , it has been shown that the SDE (2.15) has a unique strong solution \{ \bfitx t, t\geq 0\} 
that is a Markov process [64, 58]. Moreover, the distribution of \bfitx t converges to the invariant
distribution \pi \propto exp( - f) as t \rightarrow \infty . The asymptotic convergence guarantees of (1.1) have
been established decades ago [71, 36, 57, 70]. In more recent years, nonasymptotic behaviors
of (1.1) have also been explored by several works [25, 26, 32, 27, 21, 75].

An important result by [43] states that the Kolmogorov forward equation of Langevin
dynamics corresponds to the gradient flow of the relative entropy functional in the space of
probability density functions with the Wasserstein-2 metric. This observation serves as a
bridge between the sampling community and the optimization community by studying opti-
mization problems in Wasserstein-2 space. In the field of optimization, Nesterov's accelerated
gradient [62] is a first order algorithm for finding the minimum of a convex/strongly convex
objective function f . The intuition is that Nesterov's method incorporates momentum into
the updates. It is much faster than the traditional gradient descent method, in the sense
that the convergence speed for convex functions is \scrO ( 1

k2 ) where k is the number of iterations
compared to \scrO ( 1k ) for gradient descent. The convergence speed of Nesterov's method for
L-smooth, m-strongly convex functions is \scrO ( exp( - k/

\surd 
\kappa )), where \kappa = L/m is the condition

number of f compared to \scrO ( exp( - k/\kappa )) for gradient descent. By taking the step size to 0, one
obtains a second-order ODE for Nesterov's method called the Nesterov's accelerated gradient
flow or Nesterov's ODE [68, 5]. In recent years, one extends the gradient flow of the relative
entropy into Nesterov's accelerated gradient flow [68], which is explored in [76, 69, 53] from
different perspectives. For the optimization in Wasserstein-2 space perspective, [76, 69, 19]
study a class of accelerated dynamics with depending on the score function, i.e., the gradient
of logarithm of density function. This results in the approximation of a nonlinear partial dif-
ferential equation, known as the damped Euler equation [16]. In this case, the optimal choices
of parameters for sampling a target distribution share similarities with the classical Nesterov's
accelerated gradient flow. On the other hand, from a stochastic dynamics perspective, a line
of research has been devoted to study the accelerated version of Langevin dynamics, known
as the underdamped Langevin dynamics [15, 22, 53, 78]. As explained later in section 2.2,
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GAUL FOR SAMPLING 1737

the underdamped Langevin dynamics consists of a deterministic component and a stochastic
component. The deterministic component exactly corresponds to the Nesterov's accelerated
gradient flow. The marginal of invariant distribution in x-axis satisfies the target distribu-
tion. However, the optimal choice of parameters in underdamped Langevin dynamics might
not directly follow the classical Nesterov's method [22].

Recently, [79] proposed to use the primal-dual hybrid gradient (PDHG) method [18, 74] to
solve unconstrained optimization problems. The original PDHG method is designed for opti-
mization problem with linear constraints. [79] formulated the optimality condition \nabla f(\bfitx ) = 0
of a strongly convex function f into the solution of a saddle point problem

inf
\bfitx \in \BbbR d

sup
\bfitp \in \BbbR d

\langle \nabla f(\bfitx ),\bfitp \rangle  - \gamma 

2
\| \bfitp \| 2 ,

where \gamma > 0 is a selected regularization parameter. They proceed by using the PDHG algo-
rithm with appropriate preconditioners to solve the above saddle point problem. By taking
the limit as the step size goes to zero, their algorithm yields a continuous-time flow, which is
a second-order ordinary differential equation (ODE) called the primal-dual damping (PDD)
dynamics. In particular, the PDD dynamic contains Nesterov's ODE [68]. In other words,
Nesterov's ODE is a special case of PDD dynamics. The PDD dynamics also shares similari-
ties with the Hessian--driven damping dynamics that has been studied in recent years [5, 3, 4].
The main difference between the PDD dynamics and the Nesterov's ODE is a second-order
term \nabla 2f(\bfitx ) \.\bfitx that appears in the former. This term is also presented in the Hessian driven
damping dynamics. It has been observed that the PDD dynamics and the Hessian driven
damping dynamics yield faster convergence toward the global minimum than the traditional
gradient flow and Nesterov's ODE. Therefore, it is natural to extend the PDD dynamics and
Hessian driven damping dynamics to SDEs for sampling a target distribution.

In this paper, we take inspirations from [79, 3] to design a system of SDE called gradient-
adjusted underdamped Langevin dynamics (GAUL) that resembles the primal-dual damping
dynamics and the Hessian driven damping dynamics. Consider

\biggl( 
d\bfitx t

d\bfitp t

\biggr) 
=

\biggl( 
 - a\bfitC \nabla f(\bfitx t)dt+\bfitC \bfitp tdt
 - \nabla f(\bfitx t)dt - \gamma \bfitp tdt

\biggr) 
+

\sqrt{} \biggl( 
2a\bfitC \bfI  - \bfitC 
\bfI  - \bfitC 2\gamma \bfI 

\biggr) \Biggl( 
d\bfitB 

(1)
t

d\bfitB 
(2)
t

\Biggr) 
(1.3)

for some constants a, \gamma > 0, whose detailed choices will be explained later. \bfitC is a precon-
ditioner such that the diffusion matrix in front of the Brownian motion term is well-defined
and positive semidefinite. And \bfitB 

(i)
t is a standard Brownian motion in \BbbR d for i = 1,2. The

supercript on \bfitB t indicates that \bfitB 
(1)
t and \bfitB 

(2)
t are independent. We show that the invariant

distribution GAUL (1.3) is the desired target distribution of the form 1
Z exp( - f(\bfitx ) - \| \bfitp \| 2/2).

Noticeably, the \bfitx -marginal distribution is the target distribution \pi . Additionally, we demon-
strate that for a quadratic function f , GAUL achieves the exponential convergence and out-
performs both overdamped and underdamped Langevin dynamics. A series of numerical
examples are provided to demonstrate the advantage of the proposed method.

To illustrate the main idea, we summarize main theoretical results into the following
informal theorem.
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1738 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

Theorem 1.1 (Informal). Suppose that f : \BbbR d \rightarrow \BbbR d is given by f(\bfitx ) = 1
2\bfitx 

T\Lambda \bfitx with a
symmetric positive definite matrix \Lambda \in \BbbR d\times d with eigenvalues s1 \geq s2 \geq \cdot \cdot \cdot \geq sd > 0. Let
\kappa = s1/sd be the condition number of matrix \Lambda . And let \bfitC = I.

(1) Denote by \rho x(\bfitx , t) the law of \bfitx t driven by (1.3) , and \pi (\bfitx ) \propto exp( - f(\bfitx )) the target
distribution. Let a> 0, \gamma = asd+2

\surd 
sd. Then it takes at most t=\scrO (log(d/\delta ))/(asd+

2
\surd 
sd) for the total variation distance between \rho x(\bfitx , t) and \pi (\bfitx ) to decrease to \delta .

(2) Denote by \~\rho x(\bfitx , k) the law of \bfitx after k iterations of the Euler--Maruyama discretization
of (1.3). Suppose

\surd 
s1  - 

\surd 
sd \geq 2, a = 1, \gamma = sd + 2

\surd 
sd and consider the Euler--

Maruyama discretization of (1.3) with step size h = 1/5s1. Then it takes at most
N = \scrO (log(d/\delta )/(\kappa  - 1 + (\kappa s1)

 - 1/2) iterations for the total variation distance between
\~\rho x(\bfitx , k) and \~\pi (\bfitx ) to decrease to \delta , where \~\pi (\bfitx ) is a biased target distribution given by
(SM1.24).

(3) When taking a = 2\surd 
s1 - 

\surd 
sd
, \gamma = asd + 2

\surd 
sd and h = 1

2(as1+\gamma ) , we can improve the

number of iterations in (2) to N =\scrO (
\surd 
\kappa log(d/\delta )).

The detailed version of Theorem 1.1 is given in Theorem 3.9, Theorem 3.16, and Theo-
rem 3.17. It is worth noting that GAUL (1.3) reduces to underdamped Langevin dynamics
when a= 0 and \bfitC = \bfI . Our theorem implies that in the Gaussian case, GAUL converges to the
target measure faster than underdamped Langvein dynamics. In particular, we demonstrate
that the Euler--Maruyama discretization admits a mixing time proportional to the square root
of the condition number of covariance matrix. While this work primarily focuses on Gaussian
distributions, our numerical experiments also explore non-log-concave target distributions in
Bayesian linear regressions and Bayesian neural networks, which demonstrate potential ad-
vantages of GAUL over overdamped and underdamped Langevin dynamics. Extending these
results to more general distributions and discretization schemes is an important future research
direction. The choice of preconditoner \bfitC is tricky as one needs to guarantee that the diffusion
matrix in (1.3) is positive semidefinite. Therefore, we mainly focus on the case when \bfitC = \bfI .
We address on our results for \bfitC \not = \bfI in Remark. 3.10 and Remark. 3.20. For \bfitC = \bfI , [51] also
explored dynamics (1.3), which they called Hessian-free high-resolution (HFHR) dynamics.
For this closely related work, we provide some comparisons later in Remark. 2.4.

This paper is organized as follows. In section 2, we review the connection between opti-
mization methods and sampling dynamics, which leads to the construction of our proposed
SDE called gradient-adjusted underdamped Langevin dynamics (GAUL). Our main results
are presented in section 3, where we prove the exponential convergence of GAUL to the target
distribution when the target measure follows a Gaussian distribution. We also study the Euler--
Maruyama discretization of GAUL and prove its linear convergence to a biased target distri-
bution. In addition, we propose another splitting-based discretization scheme \scrB \scrA \scrG \scrO \scrG \scrA \scrB and
show that it admits a smaller first-order asymptotic bias than the Euler--Maruyama discretiza-
tion when sampling the Gaussian target distribution. Lastly, in section 4, we present several
numerical examples to compare GAUL with overdamped, underdamped Langevin dynamics,
as well as the randomized Hamiltonian Monte Carlo method.

2. Preliminaries. In this section, we briefly review the relation among Euclidean gradient
flows, overdamped Langevin dynamics, and Wasserstein gradient flows. We then draw the
connection between the underdamped Langevin dynamics and Nesterov's ODEs. We next
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GAUL FOR SAMPLING 1739

review primal-dual damping (PDD) flows [79] and Hessian driven damping dynamics. Finally,
we introduce a new SDE called gradient-adjusted underdamped Langevin dynamics (GAUL)
for sampling, which resembles the PDD flow and the Hessian-driven damping dynamics with
designed stochastic perturbations in terms of Brownian motions.

2.1. Gradient descent, unadjusted Langevin algorithms, and optimal transport gradi-
ent flows. Let f :\BbbR d \rightarrow \BbbR be a differentiable convex function with L-Lipschitz gradient. The
classical gradient descent algorithm for finding the global minimum of f(\bfitx ) is an iterative
algorithm that reads

\bfitx k+1 =\bfitx k  - h\nabla f(\bfitx k) ,(2.1)

where h> 0 is the step size. When f is convex and the step size is not too large, this algorithm
converges at a rate of \scrO (k - 1). When f is m-strongly convex, the same algorithm can be shown
to converge at a rate of \scrO ((1 - m/L)k) if the step size is chosen appropriately. The gradient
descent algorithm (2.1) can be understood as the forward Euler time discretization of the
gradient flow

\.\bfitx (t) = - \nabla f(\bfitx (t)) ,(2.2)

where \bfitx (t) describes a trajectory in \BbbR d that travels in the direction of the steepest descent.
Similar convergence results can be obtained for the gradient flow (2.2). When f is convex,
the gradient flow (2.2) converges at a rate of \scrO (t - 1). When f is assumed to be m-strongly
convex, the gradient flow (2.2) converges at a rate of \scrO ( exp( - mt)).

While the goal of optimization is to find the global minimum of f , the goal of sampling
algorithm is to sample from a distribution of the form 1

Z1
exp( - f(\bfitx )), where the normalization

constant Z1 > 0 is assumed to be finite, i.e.,

Z1 =

\int 
\BbbR d

e - f(x)dx<+\infty .

The classical unadjusted Langevin algorithm (ULA) given in (1.1) is a simple modification to
the gradient descent method. Recall that ULA is given by

\bfitx k+1 =\bfitx k  - h\nabla f(\bfitx k) +
\surd 
2h\bfitz k ,(2.3)

where \bfitz k is a d-dimensional standard Gaussian random variable and h is the step size. We
obtain (2.3) from (2.1) by adding a Gaussian noise term \bfitz k scaled by

\surd 
2h. Similar to how

(2.1) can be viewed as the Euler discretization of (2.2), ULA (2.3) represents the forward
Euler discretization of the overdamped Langevin dynamics:

d\bfitx t = - \nabla f(\bfitx t)dt+
\surd 
2d\bfitB t ,(2.4)

where \bfitB t is a standard d-dimensional Brownian motion. Denote by \rho (\bfitx , t) the probability
density function for \bfitx t. Then the Kolmogorov forward equation (also known as the Fokker--
Planck equation) of the overdamped Langevin dynamics (2.4) is given as

\partial \rho 

\partial t
=\nabla \cdot (\rho \nabla f) +\Delta \rho .(2.5)

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.
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1740 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

Clearly, \pi (\bfitx ) = 1
Z1

exp( - f(\bfitx )) is a stationary solution of the Fokker--Planck equation (2.5).
In other words, note that \nabla \pi = - \pi \nabla f , then

0 = \partial t\pi =\nabla \cdot (\pi \nabla f) +\Delta \pi =\nabla \cdot ((\pi \nabla f +\nabla \pi )) .

In the literature, one can also study the gradient drift Fokker--Planck equation (2.5) from
a gradient flow point of view. This means that (2.5) is a gradient flow in the probability
space embedded with a Wasserstein-2 metric. We review some facts on a formal manner; see
rigorous treatment in [1].

Define the probability space on \BbbR d with finite second-order moment:

\scrP (\BbbR d) =

\biggl\{ 
\rho (\cdot )\in C\infty :

\int 
\BbbR d

\rho (\bfitx )d\bfitx = 1,

\int 
\BbbR d

| \bfitx | 2\rho (\bfitx ) d\bfitx <\infty , \rho (\cdot )\geq 0

\biggr\} 
.

We note that \scrP (\BbbR d) can be equipped with the L2--Wasserstein metric gW at each \rho \in \scrP (\BbbR d)
to form a Riemannian manifold (\scrP (\BbbR d), gW ). Let \scrF : \scrP (\BbbR d)\rightarrow \BbbR be an energy functional on
\scrP (\BbbR d). To be more precise, denote the Wassertein gradient operator of functional \scrF (\rho ) at the
density function \rho \in \scrP (\BbbR d), such that

gradW\scrF (\rho ) := - \nabla \cdot 
\Bigl( 
\rho \nabla \delta 

\delta \rho 
\scrF (\rho )

\Bigr) 
,

where \delta 
\delta \rho is the L2--first variation with respect to \rho . This yields that the gradient descent flow

in the Wasserstein-2 space satsifies

\partial \rho 

\partial t
= - gradW\scrF (\rho ) =\nabla \cdot 

\Bigl( 
\rho \nabla \delta 

\delta \rho 
\scrF (\rho )

\Bigr) 
.

The above PDE is also named the Wasserstein gradient descent flow, in short Wasserstein
gradient flows, which depend on the choices of the energy functionals \scrF (\rho ).

An important example observed by [43] is as follows. Consider the relative entropy func-
tional, also named Kullback--Leibler(KL) divergence

\scrF (\rho ) :=D\mathrm{K}\mathrm{L}(\rho \| \pi ) =
\int 
\BbbR d

\rho (\bfitx ) log

\biggl( 
\rho (\bfitx )

\pi (\bfitx )

\biggr) 
d\bfitx .

One can show that the Fokker--Planck equation (2.5) is the gradient flow of the relative
entropy in (\scrP (\BbbR d), gW ). Upon recognizing \delta 

\delta \rho D\mathrm{K}\mathrm{L}(\rho \| \pi ) = log ( \rho \pi )+1, we obtain that (2.5) can
be expressed as

\partial \rho 

\partial t
= - gradWD\mathrm{K}\mathrm{L}(\rho \| \pi ) =\nabla \cdot 

\Bigl( 
\rho \nabla log

\Bigl( \rho 
\pi 

\Bigr) \Bigr) 
=\nabla \cdot (\rho \nabla log\rho ) - \nabla \cdot (\rho \nabla log\pi )

=\Delta \rho +\nabla \cdot (\rho \nabla f),

(2.6)

where we use facts that \rho \nabla log\rho =\nabla \rho and \nabla log\pi = - \nabla f .
We note that the gradient of the logarithm of the density function, i.e., \nabla log\rho , is often

called the score function. The analysis of score functions are essential in understanding the
convergence behavior of the Fokker--Planck equation (2.5) toward its invariant distribution;
see related analytical studies in [34].
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GAUL FOR SAMPLING 1741

2.2. Nesterov's ODEs and underdamped Langevin dynamics. Consider the problem of
minimizing f : \BbbR d \rightarrow \BbbR for some convex function f with L-Lipschitz gradient. [62] proposed
the following iterations:

\bfitx k+1 = \bfitp k  - h\nabla f(\bfitp k),(2.7a)

\bfitp k+1 =\bfitx k+1 + \gamma k(\bfitx k+1  - \bfitx k) ,(2.7b)

where \gamma k = (k - 1)/(k - 2). [62] showed that the above method converges at a rate of \scrO (k - 2)
instead of \scrO (k - 1) which is the convergence rate of the classical gradient descent method. If

f is further assumed to be m-strongly convex, then taking h = 1/L and \gamma k = 1 - 
\surd 
\kappa 

1+
\surd 
\kappa 
, where

\kappa = L/m, yields a convergence rate of \scrO (exp( - k/
\surd 
\kappa )). This is also considerably faster

than gradient descent, which is \scrO ((1 - \kappa  - 1)k). [68] showed that the continuous-time limit of
Nesterov's accelerated gradient method [62] satisfies a second order ODE:

\"\bfitx + \gamma t \.\bfitx +\nabla f(\bfitx ) = 0 .(2.8)

If f is a convex function, then \gamma t = 3/t; if f is am-strongly convex function, then \gamma t = \gamma = 2
\surd 
m.

As observed in [56], (2.8) can be formulated as a damped Hamiltonian system:\biggl( 
\.\bfitx 
\.\bfitp 

\biggr) 
=

\biggl( 
0

 - \gamma t\bfitp 

\biggr) 
+

\biggl( 
0 \bfI 
 - \bfI 0

\biggr) \biggl( 
\nabla xH(\bfitx ,\bfitp )
\nabla pH(\bfitx ,\bfitp )

\biggr) 
=

\biggl( 
0 \bfI 
 - \bfI  - \gamma t\bfI 

\biggr) \biggl( 
\nabla xH(\bfitx ,\bfitp )
\nabla pH(\bfitx ,\bfitp )

\biggr) 
,(2.9)

where the Hamiltonian function is defined as H(\bfitx ,\bfitp ) = f(\bfitx ) + \| \bfitp \| 2/2, \bfitp \in \BbbR d. On the other
hand, the underdamped Langevin dynamics for sampling \Pi (\bfitx ,\bfitp ) \propto exp( - f(\bfitx ) - \| \bfitp \| 2/2) is
given by the system of SDE:

d\bfitx t = \bfitp tdt,

d\bfitp t = - \nabla f(\bfitx t)dt - \gamma t\bfitp tdt+
\sqrt{} 

2\gamma td\bfitB t,

where \gamma t is some damping parameter, and \bfitB t is a d-dimensional standard Brownian motion.
This can be reformulated as\biggl( 

d\bfitx t

d\bfitp t

\biggr) 
=

\biggl( 
0 \bfI 
 - \bfI  - \gamma t\bfI 

\biggr) \biggl( 
\nabla xH(\bfitx ,\bfitp )
\nabla pH(\bfitx ,\bfitp )

\biggr) 
dt+

\biggl( 
0 0
0

\surd 
2\gamma t\bfI 

\biggr) 
d\bfitB t ,(2.10)

where \bfitB t is a 2d-dimensional standard Brownian motion. Observe that by adding a suit-
able Brownian motion term (the last term on the right hand side of (2.10)) to (2.9), Nes-
terov's accelerated gradient method for convex optimization becomes an algorithm for sam-
pling \Pi (\bfitx ,\bfitp ) = 1

Z exp( - f(\bfitx ) - \| \bfitp \| 2/2), where Z :=
\int 
\BbbR 2d exp( - f(\bfitx ) - \| \bfitp \| 2/2)d\bfitx d\bfitp <+\infty is a

noramlization constant. Moreover, the \bfitx -marginal of \Pi (\bfitx ,\bfitp ) is simply \pi (\bfitx ) = 1
Z1

exp( - f(\bfitx ))

up to a normalizing constant Z1 :=
\int 
\BbbR 2d exp( - f(\bfitx ) - \| \bfitp \| 2/2)d\bfitx d\bfitp < +\infty . Therefore, (2.10)

can be used to sample distributions of the form exp( - f(\bfitx ))/Z1. We postpone the proofs in
terms of Fokker--Planck equations and their invariant distributions in Propositions 2.1 and 2.2.

2.3. Primal-dual damping dynamics and Hessian driven damping dynamics. Recently,
[79] proposed to solve an unconstrained strongly convex optimization problem using the PDHG
method by considering the saddle point problem

inf
\bfitx \in \BbbR d

sup
\bfitp \in \BbbR d

\langle \nabla f(\bfitx ),\bfitp \rangle  - \gamma 

2
\| \bfitp \| 2 ,
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1742 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

where \gamma is a damping parameter, and f :\BbbR d \rightarrow \BbbR is m-strongly convex. Note that the saddle
point (\bfitx \ast ,\bfitp \ast ) for the above inf-sup problem satisfies \nabla f(\bfitx \ast ) = \bfitp \ast = 0. Then the primal-dual
damping (PDD) algorithm [79] admits the following iterations:

\bfitp k+1 =
1

1+ \tau 1\gamma 
\bfitp k +

\tau 1
1 + \tau 1\gamma 

\nabla f(\bfitx k) ,

\~\bfitp k+1 = \bfitp k+1 + \omega (\bfitp k+1  - \bfitp k) ,

\bfitx k+1 =\bfitx k  - \tau 2\bfitC (\bfitx k)\~\bfitp k+1 ,

where \tau 1, \tau 2 > 0 are dual and primal step sizes, \omega > 0 is an extrapolation parameter, and
\bfitC \in \BbbR d\times d is a preconditioning positive definite matrix that could depend on \bfitx k and t. The
continuous-time limit of the PDD algorithm can be obtained by letting \tau 1, \tau 2 \rightarrow 0 while keeping
\tau 1\omega \rightarrow a for some a> 0. This yields a second-order ODE called the PDD flow:

\"\bfitx +
\Bigl( 
\gamma + a\bfitC \nabla 2f(\bfitx ) - \.\bfitC \bfitC  - 1

\Bigr) 
\.\bfitx +\bfitC \nabla f(\bfitx ) = 0 .(2.11)

In the case when \bfitC is constant, (2.11) reads

\"\bfitx +
\Bigl( 
\gamma + a\bfitC \nabla 2f(\bfitx )

\Bigr) 
\.\bfitx +\bfitC \nabla f(\bfitx ) = 0 .(2.12)

And when \bfitC = \bfI , the PDD flow simplifies to

\"\bfitx + \gamma \.\bfitx + a\nabla 2f(\bfitx ) \.\bfitx +\nabla f(\bfitx ) = 0 .(2.13)

This corresponds to the Hessian driven damping dynamic [3] when \gamma = 2
\surd 
m. The terminology

`Hessian driven damping' comes from the Hessian term \nabla 2f(\bfitx ) \.\bfitx in (2.13), which is controlled
by a constant a \geq 0. When a = 0, (2.13) reduces to Nesterov's ODE (2.8). As in dynamics
(2.9), we can express (2.11) as\biggl( 

\.\bfitx 
\.\bfitp 

\biggr) 
=

\biggl( 
 - a\bfitC \bfitC 

(\gamma a - 1)\bfI  - \gamma \bfI 

\biggr) \biggl( 
\nabla xH(\bfitx ,\bfitp )
\nabla pH(\bfitx ,\bfitp )

\biggr) 
,(2.14)

where as before the Hamiltonian function is H(\bfitx ,\bfitp ) = f(\bfitx ) + \| \bfitp \| 2/2. Note that one of the
key differences between (2.9) and (2.14) is that the top left block of the preconditioner matrix
is nonzero in (2.14), which gives rise to the Hessian damping term \nabla 2f(\bfitx ) \.\bfitx . Throughout this
paper, we focus on the dynamical system (2.14).

2.4. Gradient-adjusted underdamped Langevin dynamics. We design a sampling dy-
namics that resembles the PDD flow and the Hessian driven damping with stochastic per-
turbations by Brownian motions. Our goal is still to sample a distribution proportional
to exp( - f(\bfitx )) for some f : \BbbR d \rightarrow \BbbR . Let H(\bfitx ,\bfitp ) = f(\bfitx ) + \| \bfitp \| 2 /2. And denote by
\bfitX = (\bfitx ,\bfitp )\in \BbbR 2d. We consider the following SDE.

d\bfitX t = - \bfQ \nabla H(\bfitX t)dt+
\sqrt{} 

2 sym(\bfQ )d\bfitB t ,(2.15)

where \bfQ \in \BbbR 2d\times 2d is of the form

\bfQ =

\biggl( 
a\bfitC  - \bfitC 
\bfI \gamma \bfI 

\biggr) 
,(2.16)
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GAUL FOR SAMPLING 1743

for some constant a, \gamma \in \BbbR , and symmetric positive definite \bfitC \in \BbbR d\times d. \nabla H(\bfitX t) = (\nabla xH(\bfitX t),
\nabla pH(\bfitX t))

T . And sym(\bfQ ) = 1
2(\bfQ +\bfQ T ) is the symmetrization of \bfQ . We assume that sym(\bfQ )

is positive semidefinite. Throughout this paper, we will limit our discussion to a, \gamma \geq 0. \bfitB t

is a 2d-dimensional standard Brownian motion. Observe that when a = 0, (2.15) reduces to
underdamped Langevin dynamics (2.10). When a> 0, (2.15) has an additional gradient term
a\bfitC \nabla f(\bfitx t) in the d\bfitx t equation. Thus, we call (2.15) gradient-adjusted underdamped Langevin
dynamics. Let us examine the probability density function \rho (\bfitX , t) of the diffusion governed
by (2.15). This is described by the following Fokker--Planck equation:

\partial \rho 

\partial t
=\nabla \cdot (\bfQ \nabla H\rho ) +

2d\sum 
i,j=1

\partial 2

\partial Xi\partial Xj
(Qij\rho ) .(2.17)

We assume that f is differentiable and \nabla f is a smooth Lipschitz vector field. This ensures
that the Fokker--Planck equation (2.17) has a smooth solution when t > 0 for a given initial
condition, such that \rho (\bfitX ,0)\geq 0 and

\int 
\BbbR 2d \rho (\bfitX ,0)d\bfitX = 1.

Denote by \Pi (\bfitX ) = 1
Z e

 - H(\bfitX ), where Z is a normalization constant such that \Pi (\bfitX ) inte-
grates to one on \BbbR 2d. We show that \Pi (\bfitX ) is the invariant distribution of (2.17). First, we
have the following decomposition for (2.17).

Proposition 2.1 ([34] Proposition 1). The Fokker--Planck equation (2.17) can be decomposed
as

\partial \rho 

\partial t
=\nabla \cdot 

\Bigl( 
\rho sym(\bfQ )\nabla log

\rho 

\Pi 

\Bigr) 
+\nabla \cdot (\rho \Gamma ) ,(2.18)

where

\Gamma (\bfitX ) := sym(\bfQ )\nabla log(\Pi (\bfitX )) +\bfQ \nabla H(\bfitX )

=
1

2
(\bfQ  - \bfQ T )\nabla H(\bfitX ) .

(2.19)

In particular, the following equality holds:

\nabla \cdot (\Pi (\bfitX )\Gamma (\bfitX )) = 0.

The proof is presented in section SM3. Observe that the first term on the right-hand side
of (2.18) is a Kullback--Leibler (KL) divergence functional that appears in a Fokker--Planck
equation associated with the overdamped Langevin dynamics (2.5). The second term is due
to the fact that the drift term  - \bfQ \nabla H in (2.15) is a nongradient vector field. One can also
decompose (2.15) into reversible and nonreversible parts of SDEs [6].

d\bfitX t = - (\bfQ 1\nabla H(\bfitX t) +\bfQ 2\nabla H(\bfitX t))dt+
\sqrt{} 

2\bfQ 1d\bfitB t ,

where

\bfQ 1 =

\biggl( 
a\bfitC 1

2(\bfI  - \bfitC )
1
2(\bfI  - \bfitC ) \gamma \bfI 

\biggr) 
, \bfQ 2 =

\biggl( 
0 1

2( - \bfI  - \bfitC )
1
2(\bfI +\bfitC ) 0

\biggr) 
.
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1744 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

Proposition 2.2. \Pi (\bfitX ) is an invariant distribution for (2.17).

The proof is based on a straightforward calculation: When \rho = \Pi , we have \nabla \cdot (\rho \Gamma ) = 0,
and therefore \partial \rho 

\partial t = 0. For completeness, we have included this calculation in section SM3.
This shows that \Pi (\bfitX ) is indeed the invariant distribution of (2.17). Like the underdamped
Langevin dynamics, the \bfitx -marginal of the invariant distribution is exp( - f(\bfitx )) up to some
normalization constant. Therefore, (2.15) can be used for sampling 1

Z1
exp( - f(\bfitx )) by first

jointly sampling \bfitX = (\bfitx ,\bfitp ) and then taking out the \bfitx -marginal.

Remark 2.3. GAUL can also be viewed as a preconditioned overdamped Langevin dy-
namics on the space of (\bfitx ,\bfitp ) \in \BbbR 2d. Designing optimal preconditioning matrix and optimal
diffusion matrix have been studied in literature; see [17, 7, 38, 47, 39, 20, 50, 49]. In partic-
ular, [50] considered the necessary condition on the optimal diffusion coefficient by studying
the spectral gap of the generator assosiated with the SDE, which requires the solution to an
optimization subproblem. While the problem considered by [50] is more general, our diffusion
matrix (2.16) is much simpler and does not require solving an optimization problem. Another
closely related work is [49], which considered preconditioning of the form \bfQ = \bfI +\bfitJ . Here \bfI is
the identity matrix and \bfitJ is skew-symmetric, i.e., \bfitJ = - \bfitJ T . [49] studied the optimal \bfitJ when
the potential f is a quadratic function, which is also the focus of this work.

Remark 2.4. In [51], the authors also studied (1.3) with \bfitC = \bfI which they called Hessian-
free high-resolution (HFHR) dynamics. They considered potential functions f that are L-

smooth and m-strongly convex. They proved a convergence rate of
\surd 
m

2
\surd 
\kappa 
in continuous time in

terms of Wasserstein-2 distance between the target and sample measure. [51] used the random-
ized midpoint method [65] combined with Strang splitting as their discretization and showed
an interation complexity of \widetilde \scrO (

\surd 
d/\varepsilon ). Specifically, [51] showed that for a two-dimensional

Gaussian target measure, under the optimal choice of parameter (damping parameter \gamma and
step size h) for underdamped Langevin dynamics with Euler--Maruyama discretization, the
convergence rate is \scrO ((1  - \kappa  - 1)k). This rate is recovered in Corollary 3.18. On the other
hand, [51] showed that under their choice of parameter for HRHF, the convergence rate is
\scrO ((1  - 2\kappa  - 1)k), which is a slight improvement compared with underdamped Langevin dy-
namics. In this work, we performed a detailed eigenvalue analysis of GAUL on Gaussian
target measure. We showed that under our choice of parameters (\gamma ,a,h), the convergence
rate toward the biased target measure is \scrO ((1 - c

\surd 
\kappa )k) for some constant c.

3. Analysis of GAUL on quadratic potential functions. In this section, we establish
the convergence rate for the proposed SDE (2.17) toward the target distribution following a
Gaussian distribution.

3.1. Problem setup. In this subsection, we present the main problem addressed in this
paper. We are interested in sampling from a distribution whose probability density function
is proportional to exp( - f(\bfitx )) for f :\BbbR d \rightarrow \BbbR . In this paper, we focus on a concrete example
in which the potential function f is quadratic and thus the target distribution is a Gaussian
distribution. Let

f(\bfitx ) =
1

2
\bfitx T\Sigma  - 1

\ast \bfitx ,(3.1)
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GAUL FOR SAMPLING 1745

where \bfitx \in \BbbR d and \Sigma \ast \succ 0 is a symmetric positive definite matrix in \BbbR d\times d. Define

\widetilde \Sigma =

\biggl( 
\Sigma \ast 0
0 \bfI 

\biggr) 
.(3.2)

As in the previous section, denote by \bfitX = (\bfitx ,\bfitp ) \in \BbbR 2d. And H(\bfitX ) = f(\bfitx ) + \| \bfitp \| 2/2. Then,
we can write

H(\bfitX ) =
1

2
\bfitX T

\biggl( 
\Sigma  - 1
\ast 0
0 \bfI 

\biggr) 
\bfX :=

1

2
\bfX T \widetilde \Sigma  - 1\bfX .(3.3)

Define the target density \pi :\BbbR 2d \rightarrow \BbbR to be

\Pi (\bfX ) =
1

Z
exp( - H(\bfX )) ,(3.4)

where H(\bfX ) is given by (3.3) and Z =
\int 
\BbbR 2d exp( - H(\bfX ))d\bfX is a normalization constant such

that \Pi (\bfX ) integrates to one on \BbbR 2d. We also define the \bfitx -marginal target density to be

\pi (\bfitx ) =
1

Z1
exp( - f(\bfitx )) ,(3.5)

where f(\bfitx ) is given by (3.1) and Z1 =
\int 
\BbbR d exp( - f(\bfitx ))d\bfitx is a normalization constant.

Remark 3.1. Note that for any symmetric positive definite \Sigma \ast , we have that \Sigma 
 - 1
\ast =\bfP \Lambda \bfP T

for some orthogonal matrix \bfP and diagonal matrix \Lambda = diag(s1, . . . , sd) with s1 \geq \cdot \cdot \cdot sd > 0.
By a change of variable \bfity =\bfP T\bfitx , one can rewrite f(\bfitx ) in terms of \bfity , such that

f(\bfitx ) =
1

2
\bfitx T\Sigma  - 1

\ast \bfitx =
1

2
\bfitx T\bfP \Lambda \bfP T\bfitx =

1

2
\bfity T\Lambda \bfity .

For simplicity of notation, we assume that \bfP = \bfI and \Sigma  - 1
\ast =\Lambda is a diagonal matrix. We denote

by \kappa = s1/sd the condition number of f . We will also assume that s1 > 1> sd throughout this
paper. Furthermore, to simplify our analysis, we consider \bfitC =diag(c1, . . . , cd).

3.2. Continuous time analysis. In this subsection, we study the convergence of GAUL.
In particular, we analyze the convergence of the Fokker--Planck equation (2.17) to the target
density (3.4), (3.5) by directly studying an ODE system of the covariance of the distribution.

Proposition 3.2. Let Xt be the solution of (2.15) where H(X) is given by (3.3), and X0 \sim 
\scrN (0,I2d\times 2d). Then Xt \sim \scrN (0,\Sigma (t)) where the covariance \Sigma (t) satisfies the following matrix
ODE:

\.\Sigma (t) = 2sym(\bfQ (I - \widetilde \Sigma  - 1\Sigma (t))) .(3.6)

Moreover, (3.6) is well-defined and has a solution for all t \geq 0, such that \Sigma (t) is symmetric
semipositive definite.

The proof is postponed in section SM3. We denote by \Sigma ij(t)\in \BbbR d\times d the block components
of \Sigma (t)\in \BbbR 2d\times 2d:

\Sigma (t) =

\biggl( 
\Sigma 11(t) \Sigma 12(t)
\Sigma T
12(t) \Sigma 22(t)

\biggr) 
.

Then we can write (3.6) in terms of the block components.
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1746 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

Corollary 3.3. The componentwise covariance matrix \Sigma ij(t) satisfies the following ODE
system:

\.\Sigma 11 = - 2a(sym(\bfitC \Sigma  - 1
\ast \Sigma 11) - \bfitC ) + 2sym(\bfitC \Sigma 12) ,(3.7a)

\.\Sigma 22 = - 2 sym(\Sigma  - 1
\ast \Sigma 12) - 2\gamma (\Sigma 22  - I) ,(3.7b)

\.\Sigma 12 = - a\bfitC \Sigma  - 1
\ast \Sigma 12  - (\bfitC  - \bfitC \Sigma 22) + (I - \Sigma 11\Sigma 

 - 1
\ast ) - \gamma \Sigma 12 .(3.7c)

Moreover, with initial conditions \Sigma 11(0) = \Sigma 22(0) = I and \Sigma 12(0) = 0, the stationary states of
\Sigma 11(t), \Sigma 22(t) and \Sigma 12(t) are given by \Sigma \ast , I and 0 respectively.

From now on, we consider \bfitC = \bfI in our analysis. We address our results for \bfitC \not = \bfI in
Remark 3.10 and Remark 3.20. Note that when \bfitC = \bfI , we have \bfQ = sym(\bfQ ) is always positive
semidefinite for a, \gamma \geq 0. Our next theorem makes sure that the stationary state of (3.6) is
actually unique and characterizes the convergence speed of the convariance matrix toward its
stationary state.

Theorem 3.4. Let Xt be the solution of (2.15) where H(X) is given by (3.3), and X0 \sim 
\scrN (0,I2d\times 2d). Then \Sigma (t) converges to the unique stationary state \widetilde \Sigma given in (3.2). The
optimal choice of \gamma is given by \gamma \ast = asd + 2

\surd 
sd under which we have \| \Sigma 11(t)  - \Sigma \ast \| \mathrm{F} =

\scrO (te - (2asd+2
\surd 
sd)t) and \| \Sigma 22(t) - I\| \mathrm{F} =\scrO (te - (2asd+2

\surd 
sd)t) for t\geq 1.

Proof. As mentioned in Remark 3.1, we consider \Sigma  - 1
\ast = \Lambda . By our assumption on \bfX 0,

(3.7) implies that \Sigma 11(t), \Sigma 22(t), and \Sigma 12(t) will be diagonal matrices for all t > 0. This
simplifies the ODE system (3.7). After some manipulation, we obtain\left(  \.\Sigma 11

\.\Sigma 22
\"\Sigma 22

\right)  =

\left(   - 2a\bfitC \Sigma  - 1
\ast  - 2\gamma \bfitC \Sigma \ast  - \bfitC \Sigma \ast 

0 0 \bfI 
2\Sigma  - 2

\ast 2( - 1 - a\gamma )\bfitC \Sigma  - 1
\ast  - 2\gamma 2\bfI  - 3\gamma \bfI  - a\bfitC \Sigma  - 1

\ast 

\right)  
\underbrace{}  \underbrace{}  

\scrD 

\left(  \Sigma 11

\Sigma 22
\.\Sigma 22

\right)  +\bfT ,(3.8)

where

\bfT =

\left(  2a\bfitC + 2\gamma \bfitC \Sigma \ast 
0

2a\gamma \Sigma  - 1
\ast \bfitC + 2\gamma 2\bfI + 2\Sigma  - 1

\ast \bfitC  - 2\Sigma  - 1
\ast 

\right)  ,

and \bfitC = \bfI . We have already seen in Corollary 3.3 that the stationary state of \Sigma (t) is \widetilde \Sigma given
in (3.2). To show uniqueness, we compute the eigenvalues of \scrD :

\lambda 
(i)
0 = - asi  - \gamma ,

\lambda 
(i)
1 = - asi  - \gamma  - 

\sqrt{} 
\gamma 2  - 2a\gamma si + si( - 4 + a2si) ,

\lambda 
(i)
2 = - asi  - \gamma +

\sqrt{} 
\gamma 2  - 2a\gamma si + si( - 4 + a2si) ,

where si's are the diagonal elements of \Lambda for i= 1, . . . , d. It is clear that 0 is not an eigenvalue
of \scrD . Therefore, \widetilde \Sigma is the unique stationary state for \Sigma (t). The convergence speed of (3.8) is
essentially controlled by the largest real part of the eigenvalues of \scrD . Note that for all i,

\Re (\lambda (i)
2 )\geq \Re (\lambda (i)

0 )\geq \Re (\lambda (i)
1 ) ,
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GAUL FOR SAMPLING 1747

where \Re (z) denotes the real part of z \in \BbbC . Therefore, to characterize the convergence speed of

(3.8), it suffices to control maxi\Re (\lambda (i)
2 ). By Lemma SM1.7, we know that for any given a\geq 0,

the optimal choice of \gamma is

\gamma \ast = argmin
\gamma >0

max
i

\Re (\lambda (i)
2 ) = asd + 2

\surd 
sd .

With \gamma = \gamma \ast , we get that

max
i,j

\Re (\lambda (i)
j )\leq max

i
\Re (\lambda (i)

2 )\leq  - 2asd  - 2
\surd 
sd .

This leads to \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\left(  \Sigma 11(t) - \Sigma \ast 

\Sigma 22(t) - \bfI 
\.\Sigma 22(t)

\right)  \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\mathrm{F}

\leq C1te
 - (2asd+2

\surd 
sd)t ,(3.9)

which is valid for t\geq 1. The constant C1 depends on d, s1, s
 - 1
d at most polynomially according

to Lemma SM1.8. Note that the extra t dependence comes from the repeated eigenvalue

\lambda 
(d)
0 = \lambda 

(d)
1 = \lambda 

(d)
2 when \gamma = \gamma \ast . By a triangle inequality, we get

\| \Sigma 11  - \Sigma \ast \| \mathrm{F} \leq 

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\left(  \Sigma 11(t) - \Sigma \ast 

\Sigma 22(t) - \bfI 
\.\Sigma 22(t)

\right)  \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\mathrm{F}

\leq C1te
 - (2asd+2

\surd 
sd)t .

And similarly,

\| \Sigma 22  - \bfI \| \mathrm{F} \leq C1te
 - (2asd+2

\surd 
sd)t .

Remark 3.5. The choice a = 0 corresponds to underdamped Langevin dynamics (UL).
Taking a> 0 gives an extra factor of e - 2asdt in terms of convergence.

Definition 3.6 (Mixing time). The total variation between two probability measures \scrP and
\scrQ over a measurable space (\BbbR d,\scrF ) is

TV(\scrP ,\scrQ ) = sup
A\in \scrF 

| \scrP (A) - \scrQ (A)| .

Let \scrT p be an operator on the space of probability distributions. Assume that \scrT k
p (\nu 0) \rightarrow \nu as

k \rightarrow \infty for some initial distribution \nu 0 and stationary distribution \nu . The discrete \delta -mixing
time (\delta \in (0,1)) is given by

t\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{m}\mathrm{i}\mathrm{x}(\delta ;\nu 0, \nu ) =min\{ k | TV(\scrT k
p (\nu 0), \nu )\leq \delta \} .

Similarly, if \scrT p(t; \cdot ) is an operator for each t\geq 0 with \scrT p(0; \cdot ) = id(\cdot ), assume that \scrT p(t;\nu 0)\rightarrow \nu 
as t\rightarrow \infty . The continuous \delta -mixing time (\delta \in (0,1)) is given by

t\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{m}\mathrm{i}\mathrm{x} (\delta ;\nu 0, \nu ) =min\{ t | TV(\scrT p(t;\nu 0), \nu )\leq \delta \} .
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1748 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

Theorem 3.7 ([30]). Let \mu \in \BbbR d, \Sigma 1, \Sigma 2 be two positive definite covariance matrices, and
\lambda 1, . . . , \lambda d denote the eigenvalues of \Sigma  - 1

1 \Sigma 2  - I. Then the total variation satisfies

TV(\scrN (\mu ,\Sigma 1),\scrN (\mu ,\Sigma 2))\leq 
3

2
min

\left\{   1,

\sqrt{}    d\sum 
i=1

\lambda 2
i

\right\}   .

A straightforward corollary follows from Schur decomposition theorem.

Corollary 3.8. We have

TV(\scrN (\mu ,\Sigma 1),\scrN (\mu ,\Sigma 2))\leq 
3

2
min

\bigl\{ 
1,\| \Sigma  - 1

1 \Sigma 2  - I\| \mathrm{F}
\bigr\} 
.

Using Theorem 3.4 and Corollary 3.8, we obtain the following mixing time theorem when
the potential function f is quadratic.

Theorem 3.9 (Continuous mixing time). Consider the same setting as in Theorem 3.4.
Consider 0< \delta \ll 1. Then

t\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{m}\mathrm{i}\mathrm{x} (\delta ;\nu 0, \pi )\leq 
\scrO (log(d) + log(\kappa )) + log(1/\delta )

asd + 2
\surd 
sd

.

Here \nu 0 is the distribution of \bfitx , which is \scrN (0,Id\times d). \pi is the target density in the \bfitx variable
given in (3.5).

Proof. We shall use Corollary 3.8 with

\Sigma 1 =\Sigma \ast , \Sigma 2 =\Sigma 11(t) .

We have

\| \Sigma  - 1
1 \Sigma 2  - \bfI \| \mathrm{F} =

\bigm\| \bigm\| \Sigma  - 1
\ast (\Sigma 11(t) - \Sigma \ast )

\bigm\| \bigm\| 
\mathrm{F}

\leq C1te
 - (2asd+2

\surd 
sd)ts1 .

By a direct computation, we get

t\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{m}\mathrm{i}\mathrm{x} (\delta ;\nu 0, \pi )\leq 
log( \~C1/\delta )

asd + 2
\surd 
sd

,

where \~C1 =
3
2C1s1. By Lemma SM1.8, we have that

t\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{m}\mathrm{i}\mathrm{x} (\delta ;\nu 0, \pi )\leq 
\scrO (log(d\kappa )) + log(1/\delta )

asd + 2
\surd 
sd

.

Remark 3.10. When \bfitC =diag(c1, . . . , cd) and sym(\bfQ )\succeq 0 in (2.16), our proof can be easily
adapted to show similar results in Theorem 3.9:

t\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{m}\mathrm{i}\mathrm{x} (\delta ;\nu 0, \pi )\leq 
\scrO (log(d) + log(\^\kappa )) + log(1/\delta )

a\^sd + 2
\surd 
\^sd

,

where \^si is the i-th largest eigenvalue of matrix \bfitC \Sigma  - 1
\ast . And \^\kappa = \^s1/\^sd. In other words, the

matrix \bfitC can be viewed as a preconditioner for the target covariance matrix in the sampling
problem.
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GAUL FOR SAMPLING 1749

3.3. Discrete time analysis. To implement (2.15), we need to consider its time discretiza-
tion. As discretization is not the focus of this paper, we will only analyze the simplest dis-
cretization using the Euler--Maruyama method in section A.

Let us first make a few observations regarding the discretization in section A. After a
straightforward computation, we obtain the following update rule.

Proposition 3.11. The Euler--Maruyama discretization of (2.15) given in section A with
step size h can be written in the following form:\biggl( 

\bfitx n+1

\bfitp n+1

\biggr) 
=\bfitA 

\biggl( 
\bfitx n

\bfitp n

\biggr) 
+\bfitL \bfitz ,(3.10)

where

\bfitA = I2d\times 2d  - h

\biggl( 
a\Lambda  - Id\times d

\Lambda \gamma Id\times d

\biggr) 
\underbrace{}  \underbrace{}  

\bfitG 

, \bfitL =

\biggl( \surd 
2ahI 0
0

\surd 
2\gamma hI

\biggr) 
.(3.11)

And \bfitz is a 2d-dimensional Brownian motion, i.e., \bfitz \sim \scrN (0,I2d\times 2d).

Using (3.10), we can derive the evolution of the mean and covariance at each time step.
As before, let us denote by \bfitX n = (\bfitx n,\bfitp n).

Corollary 3.12. Suppose that \BbbE (\bfitx 0) =\BbbE (\bfitp 0) = 0. Then

cov(\bfitX n+1,\bfitX n+1) =\bfitA cov(\bfitX n,\bfitX n)\bfitA 
T +\bfitL \bfitL T .(3.12)

Proof. From (3.10), it is clear that \BbbE (\bfitx n) =\BbbE (\bfitp n) = 0 for all n\geq 0. We calculate

cov(\bfitX n+1,\bfitX n+1) =\BbbE (\bfitA \bfitX n\bfitX 
T
n\bfitA 

T +\bfitA \bfitX n\bfitz 
T\bfitL T +\bfitL \bfitz \bfitX T

n\bfitA 
T +\bfitL \bfitz \bfitz T\bfitL T )

=\bfitA cov(\bfitX n,\bfitX n)\bfitA 
T +\bfitL \bfitL T .

Corollary 3.13. Denote by Y\ast a solution to the fixed point equation \bfitY = \bfitA \bfitY \bfitA T +\bfitL \bfitL T .
And let \bfitY n = cov(\bfitX n,\bfitX n) - \bfitY \ast . Then

\bfitY n+1 =\bfitA \bfitY n\bfitA 
T .

Theorem 3.14. Suppose a\geq 2\surd 
s1 - 

\surd 
sd

and the step size h satisfies 0< h < 1/(as1 + \gamma ) and

\gamma = \gamma \ast = asd + 2
\surd 
sd. Then there exists a unique \bfitY \ast satisfying

\bfitY \ast =\bfitA \bfitY \ast \bfitA T +\bfitL \bfitL T .

Moreover, the iteration \bfitY k+1 = \bfitA \bfitY k\bfitA 
T + \bfitL \bfitL T converges to \bfitY \ast linearly: \| \bfitY k  - \bfitY \ast \| \mathrm{F} \leq \widetilde Ch2k2(1 - h

2 (asd +
\surd 
sd))

2k - 2, where the constant \widetilde C = d2 \cdot \scrO (poly(\kappa )).

Proof. Existence: we directly compute this stationary point in Lemma SM1.17. Unique-
ness: by Lemma SM1.14 and Corollary SM1.10, we see that \bfitY \ast is unique. The convergence
rate is proved in Lemma SM1.14 and Theorem SM1.16.

Copyright © by SIAM and ASA. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/0

6/
26

 to
 1

98
.1

1.
30

.2
12

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



1750 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

Corollary 3.15. Let \bfitY \ast 
11 be the upper left d\times d block of \bfitY \ast . Then \bfitY \ast 

11 is a biased estimate
of the true covariance \Sigma \ast . In particular, denote by \~\pi =\scrN (0,\bfitY \ast 

11). We have

TV(\pi , \~\pi ) = h\scrO (
\surd 
d\kappa ) +\scrO (h2) .

Proof. By Corollary SM1.18 and Corollary 3.8, we finish the proof.

Theorem 3.16 (Discrete mixing time). Suppose
\surd 
s1  - 

\surd 
sd \geq 2. We take a = 1, \gamma = \gamma \ast =

sd + 2
\surd 
sd, h= 1/5s1. If we use the Euler--Maruyama scheme for (2.15), then for 0< \delta \ll 1,

t\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{m}\mathrm{i}\mathrm{x}(\delta ;\nu 0, \~\pi ) =\scrO 

\Biggl( 
log(\kappa ) + log(1/\delta ) + log(d)

1
\kappa + 1\surd 

\kappa s1

\Biggr) 
.(3.13)

Here \nu 0 is the distribution of \bfitx , which is \scrN (0,Id\times d). \~\pi is the target density in the \bfitx variable
which is a zero mean Gaussian distribution with a variance given by (SM1.24).

Proof. Note that from our previous notation, we have that

cov(\bfitx k,\bfitx k) =
\bigl( 
\bfI d\times d 0

\bigr) 
cov(\bfitX k,\bfitX k)

\biggl( 
\bfI d\times d

0

\biggr) 
=: \widetilde \bfitY k .

Moreover, let us define

\widetilde \bfitY \ast 
=
\bigl( 
\bfI d\times d 0

\bigr) 
\bfitY \ast 
\biggl( 
\bfI d\times d

0

\biggr) 
to be the limiting covariance in the \bfitx variable for the discretization (\bfitY \ast is defined in Theo-
rem 3.14). Clearly, we have that

\| \widetilde \bfitY k  - \widetilde \bfitY \ast 
\| \mathrm{F} \leq \| \bfitY k  - \bfitY \ast \| \mathrm{F} \leq \widetilde Ch2k2

\biggl( 
1 - h

2
(asd +

\surd 
sd)

\biggr) 2k - 2

.(3.14)

Using Corollary 3.8, we compute

\| ( \widetilde \bfitY \ast 
) - 1 \widetilde \bfitY k  - \bfI \| \mathrm{F} = \| ( \widetilde \bfitY \ast 

) - 1( \widetilde \bfitY k  - \widetilde \bfitY \ast 
)\| \mathrm{F}

\leq \| ( \widetilde \bfitY \ast 
) - 1\| \mathrm{F}\| \widetilde \bfitY k  - \widetilde \bfitY \ast 

\| \mathrm{F} .

By Lemma SM1.17, \widetilde \bfitY \ast 
is a diagonal matrix. Therefore ( \widetilde \bfitY \ast 

) - 1 is also a diagonal matrix.

Moreover, from (SM1.24), we see that \| ( \widetilde \bfitY \ast 
) - 1\| \mathrm{F} \leq 

\surd 
d\scrO (poly(\kappa )). Therefore, we obtain

\| ( \widetilde \bfitY \ast 
) - 1 \widetilde \bfitY k  - \bfI \| \mathrm{F} \leq d5/2 \cdot \scrO (poly(\kappa ))h2k2

\biggl( 
1 - h

2
(sd +

\surd 
sd)

\biggr) 2k - 2

\leq d5/2 \cdot \scrO (poly(\kappa ))h2k2e - (k - 1)h(sd+
\surd 
sd) ,

where we used 1  - x \leq e - x for x \in \BbbR to get the second inequality. Letting h = 1/5s1 and
taking logarithm on both hand sides, we conclude that

t\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{m}\mathrm{i}\mathrm{x}(\delta ;\nu 0, \~\pi )\leq 
\scrO (log(d)) +\scrO (log(\kappa )) + log(1/\delta )

1
10(

1
\kappa + 1\surd 

\kappa s1
)

.
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GAUL FOR SAMPLING 1751

The above theorem gives a convergence rate when a= 1. At this stage, a natural question
arises: given the optimal \gamma that we proved in Theorem 3.4, is there a better choice of a? In
Theorem 3.14, we require that a \geq 2\surd 

s1 - 
\surd 
sd

and 0 < h < 1
as1+\gamma to guarantee the existence

and uniqueness of the stationary point of the covariance equation (3.12). Since the proof of
Theorem 3.16 relies on (3.14), let us plug in h = 1

\beta (as1+\gamma ) into (3.14) for some \beta > 1. The

dominating factor in (3.14) is the exponential decay term (1  - h
2 (asd +

\surd 
sd))

2k - 2. We can
optimize this term over a. We have

d

da

\biggl( 
1 - 

asd +
\surd 
sd

2\beta (as1 + asd + 2
\surd 
sd)

\biggr) 
> 0 .

This suggests that we take a = 2\surd 
s1 - 

\surd 
sd
. Indeed, such choice of a gives a much better

convergence rate in terms of the condition number \kappa as shown in the next theorem.

Theorem 3.17 (A better choice of a). The denominator of the mixing time given in Theo-
rem 3.16 can be improved to \kappa  - 1/2 by choosing a= 2\surd 

s1 - 
\surd 
sd
, \gamma = asd+2

\surd 
sd, and h= 1

2(as1+\gamma ) .

To be more precise, we have

t\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{m}\mathrm{i}\mathrm{x}(\delta ;\nu 0, \~\pi ) =\scrO 

\Biggl( 
log(\kappa ) + log(1/\delta ) + log(d)

1\surd 
\kappa 

\Biggr) 
.(3.15)

Proof. The proof will be very similar to that of Theorem 3.16. We start with (3.14). And
we can explicitly calculate

1 - h

2
(asd +

\surd 
sd) = 1 - 

asd +
\surd 
sd

4(as1 + asd + 2
\surd 
sd)

= 1 - 
2sd +

\surd 
sd(

\surd 
s1  - 

\surd 
sd)

8(s1 + sd +
\surd 
sd(

\surd 
s1  - 

\surd 
sd))

= 1 - 
\surd 
s1sd + sd

8(s1 +
\surd 
s1sd)

\leq 1 - 1

16
\surd 
\kappa 
.

The rest of the proof is the same as the proof of Theorem 3.16, and we will suppress it for
brevity.

The following corollary follows from Lemma SM1.15 and the proof of Theorem 3.16.

Corollary 3.18 (Underdamped Langevin mixing time). Suppose a= 0, \gamma = 2
\surd 
sd, h=

\surd 
sd/s1.

If we use the Euler--Maruyama scheme for (2.15), then for 0< \delta \ll 1,

t\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{m}\mathrm{i}\mathrm{x}(\delta ;\nu 0, \~\pi ) =\scrO 

\Biggl( 
log(\kappa ) + log(1/\delta ) + log(d)

1
\kappa 

\Biggr) 
,(3.16)

\nu 0 is the distribution of \bfitx , which is \scrN (0,Id\times d). \~\pi is the target density in the \bfitx variable which
is a zero mean Gaussian with variance given by (SM1.24) with a= 0.
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1752 XINZHE ZUO, STANLEY OSHER, AND WUCHEN LI

Remark 3.19. a = 0 in (2.15) corresponds to the underdamped Langevin dynamics. In
this case, we show in Lemma SM1.15 that to guarantee convergence (to a biased target)
the step size restriction on h is more strict than when a = 1. In particular, when a = 0 it
follows from Lemma SM1.15 that the choice h = 1/5s1 does not guarantee convergence if
sd < 10 - 2. Comparing (3.15) and (3.16), we see that the mixing time for GAUL beats that of
underdamped Langevin dynamics under the Euler--Maruyama discretization. We are aware
that this does not imply the same result will hold when comparing the mixing time toward the
true target distribution \pi (\bfitx ) given in (3.5), due to the presence of bias in the Euler--Maruyama
scheme.

Remark 3.20. When \bfitC = diag(c1, . . . , cd) and sym(\bfQ ) \succeq 0 in (2.16), we also have a
similar mixing time described in Theorem 3.17, which is \scrO (

\surd 
\^\kappa (log(\^\kappa ) + log(1/\delta ) + log(d)))

when a = 2\surd 
\^s1 - 

\surd 
\^sd
, \gamma = a\^sd + 2

\surd 
\^sd, and h = 1

2(a\^s1+\gamma ) . The notation \^si and \^\kappa are defined in

Remark 3.10.

We introduce another discretization scheme inspired by the \scrB \scrA \scrO splitting [46, 45, 13, 48]
for underdamped Langevin dynamics, which is able to achieve an \scrO (

\surd 
\kappa ) convergence [48].

We name our method \scrB \scrA \scrG \scrO \scrG \scrA \scrB splitting, details of which are postponed to section SM2.
We have the following corollary regarding the first order discretization error of \scrB \scrA \scrG \scrO \scrG \scrA \scrB 
splitting when sampling the same Gaussian distribution \scrN (0,\Sigma \ast ).

Corollary 3.21. With the same choice of parameter a= 2\surd 
s1 - 

\surd 
sd

and \gamma = \gamma \ast = asd+2
\surd 
sd as

in the Euler--Maruyama discretization, the covariance in the (\bfitx ,\bfitp ) variables satisfies a similar
equation as in (3.12) (see Corollary SM2.2 for details). Abusing notation, denote by \bfitY \ast the
stationary point to the covariance equation in Corollary SM2.2 and denote by \bfitY \ast 

11 the upper
d\times d block of \bfitY \ast (i.e., the covariance in the \bfitx variable). Then

TV(\pi ,\scrN (0,\bfitY \ast 
11)) = h\scrO 

\biggl( 
1

\surd 
s1

tr(\Sigma  - 1
\ast )

\biggr) 
+\scrO (h2) .

Proof. By Corollary 3.8 and Corollary SM2.3, we finish the proof.

Comparing with Corollary 3.15, we see that the \scrB \scrA \scrG \scrO \scrG \scrA \scrB splitting achieves a smaller
bias than the Euler--Maruyama scheme when sampling a Gaussian distribution. This is also
demonstrated in our numerical experiments. To analyze the convergence speed of \scrB \scrA \scrG \scrO \scrG \scrA \scrB ,
one would use the same eigenvalue analysis as we did for the Euler--Maruyama scheme. The ex-
act eigenvalues for \scrB \scrA \scrG \scrO \scrG \scrA \scrB splitting is much more complicated than the Euler--Maruyama
scheme. However, it follows that the eigenvalues of the Euler--Maruyama discretization are
exactly the first order Taylor expansion of the eigenvalues of \scrB \scrA \scrG \scrO \scrG \scrA \scrB splitting (see Corol-
lary SM2.5). Therefore, we use the same choice of \gamma , a, and h for \scrB \scrA \scrG \scrO \scrG \scrA \scrB in our numerical
experiments to verify its acceleration.

Remark 3.22. When the target potential f is not a quadratic function, it is more tech-
nical in proving the convergence speed. A common technique to prove convergence in the
Wasserstein-2 distance is by a coupling argument (see [22, 28]). [15] proved L2 convergence
under a Poincar\`e-type inequality using Bochner's formula. In the L1 distance and KL diver-
gence, [34] designs the convergence analysis toward these problems. We leave the convergence
analysis of general f with optimal choices of preconditioned matrices \bfQ for future work.
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4. Numerical experiment. In this section, we implement several numerical examples to
compare the proposed SDE with the overdamped (labeled `OL') and underdamped (labeled
`UL') Langevin dynamics. Recall that `OL' corresponds to the choice a = 1, \gamma = 0, and
`UL' corresponds to a = 0 in (2.15). We also include the \scrB \scrA \scrO \scrA \scrB [45, 46] splitting method
for UL, which is labeled as `UL splitting'. We set \bfitC = \bfI . We compare two discretizations
of GAUL: using the Euler--Maruyama scheme (GAUL EM) and using the splitting method
(GAUL Splitting) detailed in section SM2. In the meantime, we also compare with randomized
Hamiltonian Monte Carlo (RHMC) [61, 9, 11]. We use the dynamic hmc module from Blackjax
to implement RHMC. This module allows users to define an integration step function that
generates the next pseudo or quasi-random number of integration steps in the sequence. In
our experiment, this integration step function is set to return a geometric random variable
with success probability 0.03, clipped at [5,100].

4.1. Gaussian examples.

4.1.1. One dimension. We begin with a simple example, a one dimensional Gaussian
distribution with zero mean. In Fig. 1, we consider two cases where the variances are given
by 0.01 and 100, respectively. We first sample M = 105 particles from \scrN (0, \bfI 2\times 2) (although
our experiment is in one dimension, we need both \bfitx and \bfitp variables). When measuring the
convergence speed, we use KL divergence in Gaussian distributions to measure the change of
covariances. Note that we will only measure the KL divergence in the x variable since we
are primarily interested in sampling distribution of the form 1

Z e
 - f(x). In this experiment,

we can make use of the fact that the sample distribution and the target distribution are
both Gaussians. And the KL divergence between two centered Gaussians has a closed form
expression:

D\mathrm{K}\mathrm{L}(\Sigma (t), \widetilde \Sigma )= 1

2
(tr(\Sigma (t)\widetilde \Sigma  - 1) - log det(\Sigma (t)\widetilde \Sigma  - 1) - d) .(4.1)

In this one dimensional example, we study two cases where \widetilde \Sigma = 0.01 or 100. \Sigma (t) can
be approximated by the unbiased sample variance. For \widetilde \Sigma = 0.01, we choose time step size
h = 10 - 4, total number of steps N = 400, \gamma ul = 2\widetilde \Sigma  - 1/2 = 20, and \gamma pdd = 2\widetilde \Sigma  - 1/2 + \widetilde \Sigma  - 1 =

120. For \widetilde \Sigma = 100, we choose the time step size h = 10 - 2, total number of steps N = 600,
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(a) KL decay.
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Figure 1. Convergence and density comparisons of three methods. (a) and (c): KL divergence between the
sample and the target distribution, which is a one-dimensional Gaussian with zero mean and variance 0.01
(a), 100 (c). `ol' represents overdamped Langevin dynamics; `ul' represents underdamped Langevin dynamics.
x-axis represents time and y-axis is in log10 scale. (b) and (d): density comparison at the end of the experiment
between the three methods and the true density.
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(a) KL decay, h = 0.1
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(b) KL decay, h = 0.002.

Figure 2. Convergence plots of different methods in terms of KL divergence between the sample and target
distribution. (a): h = 0.1. (b): h = 0.002. The x-axis represents time. When h is large, it is evident that
the GAUL Splitting yields better bias than the GAUL EM method. With a smaller h, both GAUL Splitting and
GAUL EM are able to achieve a smaller error than RHMC. Note that UL splitting achieves the best performance
for both small and large h as it has zero aymptotic bias [46].

\gamma ul = 2\widetilde \Sigma  - 1/2 = 0.2, and \gamma pdd = 2\widetilde \Sigma  - 1/2 + \widetilde \Sigma  - 1 = 0.21. In Fig. 1, we observe that our proposed
method outperforms both overdamped and underdamped Langevin dynamics in both cases.

4.1.2. 20 dimensions. Let the target distribution be a 20-dimensional Gaussian with zero
mean and covariance given by \bfQ \bfD \bfQ T , where \bfD a diagonal matrix with diagonal entries given
by 0.05 + 5i for i = 0, . . . ,19, and \bfQ is an orthogonal matrix. The last entry of \bfD has the
largest variance, which is \sigma 2

\mathrm{m}\mathrm{a}\mathrm{x} = 95.05. Therefore, we choose a = 2
\sigma 

 - 1/2
\mathrm{m}\mathrm{i}\mathrm{n}  - \sigma 

 - 1/2
\mathrm{m}\mathrm{a}\mathrm{x}

, \gamma ul = 2\sigma  - 1
\mathrm{m}\mathrm{a}\mathrm{x},

and \gamma pdd = 2\sigma  - 1
\mathrm{m}\mathrm{a}\mathrm{x} + a\sigma  - 2

\mathrm{m}\mathrm{a}\mathrm{x}. In this example, we use M = 105 particles and (1) time step size
h = 10 - 1 and run for 300 steps; (2) time step size h = 2\times 10 - 3 and run for 15000 steps. In
both experiments, we run four independent chains of RHMC, each of which produces 25000
particles. The KL divergence can still be computed using (4.1). All results are presented in
Fig. 2.

4.2. Mixture of Gaussian.

4.2.1. Strongly log-concave. Consider the problem of sampling from a mixture of Gauss-
ian distributions \scrN (\alpha , \bfI ) and \scrN ( - \alpha , \bfI ), whose density satisfies:

p(\bfitx ) =
1

2(2\pi )d/2

\Bigl( 
e - \| \bfitx  - \alpha \| 2

2/2 + e - \| \bfitx +\alpha \| 2
2/2
\Bigr) 
.

The corresponding potential is given as

f(\bfitx ) =
1

2
\| \bfitx  - \alpha \| 22  - log

\Bigl( 
1 + e - 2\bfitx \top \alpha 

\Bigr) 
,(4.2)

\nabla f(\bfitx ) =\bfitx  - \alpha + 2\alpha (1 + e2\bfitx 
\top \alpha ) - 1.(4.3)

Following [33, 26], we set \alpha = (1/2,1/2) and d = 2. This choice of parameters yields strong
convexity parameter m = 1/2 and Lipschitz constant L = 1. We choose a = 2\surd 

L - 
\surd 
m
, \gamma ul =
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Figure 3. Convergence and scatter plots. (a): KL divergence between the sample and target distribution,
which is a mixture of two unit variance Gaussians located at (1/2,1/2) and ( - 1/2, - 1/2). x-axis represents
time and y-axis is in log10 scale. (b)--(f): scatter plot of different methods. Contour of the true density is also
provided for comparison.

2m1/2, and \gamma pdd = 2m1/2 + am. Initially particles are sampled from \scrN (0, \bfI ). We use time
step h = 2 \times 10 - 4 and run for 1000 steps for OL, UL and GAUL. We use 5 \times 105 particles
and n2 = 2500 bins to approximate the KL divergence between the sample points and the
target distribution (see Remark 4.1). We run 250 independent chains of RHMC, each of
which produces 2000 particles. The results are shown in Fig. 3.

Remark 4.1. To compute the KL divergence between sample points and a non-Gaussian
target distribution in two dimension, we first get the 2d histogram of the samples points using
n2 bins (n in each dimension). We then use this 2d histogram as an approximation of the
empirical distribution of the samples. Similarly, we can get a discretized target distribution
by evaluating the target distribution at the center of each bins. Finally, we can compute
the discrete KL divergence using n2 values from the histogram and the discretized target
distribution.

4.2.2. Non log-concave. We also consider the same example as in section 4.2.1 with
\alpha = (3,3). As the distance between the two Gaussians increases, the target density is no
longer log-concave. We use time step size h = 10 - 3 and run for 2000 steps. We use a = 1,
\gamma ul =

\surd 
2, and \gamma pdd =

\surd 
2+1/2. We use 5\times 105 particles and n2 = 2500 bins to evaluate the KL

divergence. We run 250 independent chains of RHMC, each of which produces 2000 particles.
The results are demonstrated in Fig. 4.

4.3. Quadratic cosine. Consider a potential function given by a quadratic function and
a cosine term:
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Figure 4. Convergence and scatter plots for mixture of Guassians centered at (3,3) and ( - 3, - 3).

f(\bfitx ) =
1

2
\bfitx TB - 1\bfitx  - cos(\bfitc T\bfitx ),

where B = \bfitP diag(1,25)\bfitP T for an orthogonal matrix \bfitP and \bfitc =
\surd 
0.95 (1,1)T . Here \bfitP is

generated by using torch.linalg.qr(torch.randn(d)) in Pytorch, where d = 2 is the dimension.
We set a = 1, \gamma ul = 2m1/2, and \gamma pdd = 2m1/2 +m, where we choose m = 1/25. We use time
step size h= 10 - 2 and run for 4000 steps. We use 106 particles and n2 = 2500 bins to evaluate
the KL divergence. We run 100 independent chains of RHMC, each of which produces 10000
particles.The results are demonstrated in Fig. 5.

4.4. Bimodal. We consider a two-dimensional bimodal distribution studied in [76] whose
target density has the following form:

p(\bfitx )\propto exp ( - 2(\| \bfitx \|  - 3)2)
\Bigl[ 
exp ( - 2(x1  - 3)2) + exp( - 2(x1 + 3)2)

\Bigr] 
.

The corresponding potential function is given by

f(\bfitx ) = 2(\| \bfitx \|  - 3)2  - log
\Bigl[ 
exp ( - 2(x1  - 3)2) + exp( - 2(x1 + 3)2)

\Bigr] 
.

The gradient is

\nabla f(\bfitx ) =
4(x1  - 3) exp ( - 2(x1  - 3)2) + 4(x1 + 3)exp ( - 2(x1 + 3)2)

exp ( - 2(x1  - 3)2) + exp( - 2(x1 + 3)2)
\bfite 1

+ 4
(\| \bfitx \|  - 3)\bfitx 

\| \bfitx \| 
,
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Figure 5. Convergence and scatter plots for the quadratic cosine example.

where \bfite 1 = (1,0)T is the first standard coordinate vector. We set \gamma ul = 2m1/2 and \gamma pdd =
2m1/2 +m, where we choose m = 1/2. We use time step size h = 2\times 10 - 3 and run for 800
iterations. We use 106 particles and n2 = 2500 bins to evaluate the KL divergence. We run
250 independent chains of RHMC, each of which produces 2000 particles. The results are
shown in Fig. 6.

4.5. Bayesian logistic regression. We consider the Bayesian logistic regression problem
studied in [33, 26, 72]. We give a brief description of the problem. Suppose we are given a
feature matrix X \in \BbbR n\times d with rows xi \in \BbbR d. Correspondingly we are given Y \in \{ 0,1\} n the
binary response vector for each of the covariates in our feature matrix. The logistic model for
the probability of yi = 1 given xi \in \BbbR d and a parameter \theta \in \BbbR d is

\BbbP (yi = 1| xi, \theta ) =
exp(\theta Txi)

1 + exp(\theta Txi)
.(4.4)

Suppose we impose a prior distribution on the parameter \theta \sim \scrN (0,\Sigma X), where \Sigma X =
1
nX

TX is the sample covariance of X. Then the posterior distribution for \theta can be calculated
by

p(\theta | X,Y )\propto exp

\Biggl[ 
Y TX\theta  - 

n\sum 
i=1

log (1 + exp(\theta Txi)) - 
\alpha 

2
\theta T\Sigma X\theta 

\Biggr] 
,

where \alpha > 0 is a regularization parameter. The potential function is

f(\theta ) = - Y TX\theta +

n\sum 
i=1

log (1 + exp(\theta Txi)) +
\alpha 

2
\theta T\Sigma X\theta .
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Figure 6. Convergence and scatter plots for bimodal distribution.

Its gradient is

\nabla f(\theta ) = - XTY +

n\sum 
i=1

xi
1 + exp( - \theta Txi)

+ \alpha \Sigma X\theta .

As shown in [33], the Hessian of f is upper bounded by L= (0.25n+ \alpha )\lambda \mathrm{m}\mathrm{a}\mathrm{x}(\Sigma X) and lower
bounded by m = \alpha \lambda \mathrm{m}\mathrm{i}\mathrm{n}. To generate X and Y , we set xi,j to be independent Rademacher
random variables for each i and j. And each yi is generated according to (4.4) with \theta = \theta \ast =
(1,1)T . We set \alpha = 0.5, d = 2, n = 50, \gamma ul = 2m1/2, and \gamma pdd = 2m1/2 +m. To sample the
posterior distribution, we use time step size h = 10 - 2 and run for 40 iterations. The initial
distribution of particles is \scrN (0,L - 1\bfI ). As for evaluation metric, we directly evaluate the KL
divergence between the sampled posterior and the true posterior. We use 106 particles and
n2 = 2500 bins to evaluate the KL divergence as before. We run 10000 independent chains of
RHMC, each of which produces 100 particles. This is different from the choice by [33] and [72],
where [33] compared the samples with \theta \ast . [72] compared samples with the true minimizer of
f(\theta ), i.e., the maximum a posteriori (MAP) estimate in the Bayesian optimization literature.
We believe that directly measuring the KL divergence gives a better understanding of how
`close' our samples are to the true posterior distribution. The results are presented in Fig. 7.

4.6. Bayesian neural network. In this section, we compare GAUL with overdamped,
underdamped Langevin dynamics, and randomized Hamiltonian Monte Carlo in training
Bayesian neural network. We test a one-hidden-layer fully connected neural network with 50
hidden neurons and ReLU activation function on the UCI concrete dataset. We use h= 10 - 3,
a = 0.1, and \gamma = 0.5. For each method, we sample M = 20 particles (each particle corre-
sponds to a neural network) and take the average output as the final output. Fig. 8a and
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Figure 7. Convergence and scatter plots for Bayesian logistic regression.
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(b) CCPP dataset.

Figure 8. Convergence comparison. x-axis represents number of epochs. y-axis represents rmse averaged
over 10 experiments.

Table 1 show the rMSE averaged over 10 experiments. We see that `ul' can achieve smaller
training and validation error than `ol'. However, `ul' also exhibits a slow start and an oscil-
latory behavior at the beginning of training as is commonly seen in acceleration methods in
optimization. GAUL can get rid of the oscillation and achieve a even smaller training and
validation error as is demonstrated in Table 1. We have also tested out the three methods
using the Combined Cycle Power Plant (CCPP) dataset. We choose the same parameter as
the concrete experiment. The results are presented in Fig. 8b and Table 1. Due to the nature
of the dynamic hmc in Blackjax, it is difficult to plot the training and validation curve over
time. The final result for RHMC is included in Table 1.
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Table 1
Training and validation RMSE for Bayesian neural network (transposed view).

concrete tr err concrete val err ccpp tr err ccpp val err

ol 6.43\pm 0.28 6.67\pm 0.22 4.84\pm 0.22 4.63\pm 0.25

ul 6.19\pm 0.16 6.26\pm 0.11 4.48\pm 0.11 4.25\pm 0.11

ul splitting 6.24\pm 0.10 6.24\pm 0.14 4.59\pm 0.16 4.36\pm 0.19

gaul em 5.57\pm 0.09 5.81\pm 0.09 4.28\pm 0.03 4.04\pm 0.04

gaul splitting \bffive .\bffour \bfnine \pm \bfzero .\bfzero \bfthree \bffive .\bfseven \bfone \pm \bfzero .\bfone \bfone \bffour .\bftwo \bffive \pm \bfzero .\bfzero \bftwo \bffour .\bfzero \bfone \pm \bfzero .\bfzero \bfthree 

rhmc 5.67\pm 0.17 5.94\pm 0.21 4.49\pm 0.11 4.26\pm 0.11
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(a) RHMC, mixture of Gaussian.

4 2 0 2 4
4

3

2

1

0

1

2

3

4

(b) RMHC, bimodal.

Figure 9. Mode collapse for RHMC. Both figures show the last 100 particles in a single chain.

4.7. Summary of numerical experiments. We have compared overdamped Langevin,
underdamped Langevin, GAUL (Euler--Maruyama scheme and \scrB \scrA \scrG \scrO \scrG \scrA \scrB splitting), and the
randomized Hamiltonian Monte Carlo method over several log-concave and non log-concave
examples. In all experiments, GAUL converges faster than both OL and UL. In addition,
GAUL Splitting usually induces a smaller bias than GAUL EM. In terms of final error, GAUL
performs comparably to RHMC, if not better. Thanks to ergodicity, RHMC is able to use a
single particle to generate a multiple instances of the target distribution, making it efficient for
sampling large amount of particles. However, for multimodal distributions (e.g., section 4.2.2
and section 4.2.1), if we only look at the last 100 particles from a single chain, we observe a
mode collapse phenomenon shown in Fig. 9. This is not the case for other methods considered
in our experiments. Therefore, we also need to run multiple independent chains for RHMC
to avoid mode collapse.

5. Conclusions. In this work, we introduced gradient-adjusted underdamped Langevin
dynamics (GAUL) inspired by primal-dual damping dynamics and Hessian-driven damping
dynamics. We demonstrated that GAUL admits the correct invariant target distribution
\pi \propto exp( - f) under appropriate conditions and achieves exponential convergence for quadratic
functions, outperforming both the overdamped and underdamped Langevin dynamics in terms
of convergence speed. Our numerical experiments further illustrate the practical advantages
of GAUL, showcasing faster convergence and more efficient sampling compared to classical
methods, such as overdamped and underdamped Langevin dynamics.
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We also note a connection between the primal-dual damping dynamics and GAUL. A key
challenge in the primal-dual damping algorithm is the design of preconditioner matrices, which
can accelerate the algorithm's convergence compared to the gradient descent method. In the
context of solving a linear problem where f is a quadratic function and the diffusion constant
is zero, [79] demonstrates that the convergence rate depends on the square root of the smallest
eigenvalue. In this paper, we extend the study from a sampling perspective, where f is also
a quadratic function, but the diffusion is nonzero. Toward a Gaussian target distribution,
GAUL converges to a biased target distribution with the mixing time depending on

\surd 
\kappa . This

is in contrast with overdamped and underdamped Langevin sampling algorithms.
Several possible future directions are worth exploring. First, can we show that GAUL

converges faster than overdamped and underdamped Langevin dynamics for more general
potentials, which is beyond the current study of Gaussian distributions? One common as-
sumption is that the potential f is strongly log-concave [14, 23, 24, 25, 31, 33, 40, 44, 51].
Recently, [15] proved that for a class of distributions that satisfy a Poincar\'e-type inequal-
ity, underdamped Langevin dynamics converges in L2 with rate exp( - 

\surd 
mt), where m is the

Poincar\'e constant. Then it is interesting to study for the same class of distributions, whether
GAUL could converge at an even faster rate. Another direction is to study the convergence
of GAUL under different metrics. From a more practical perspective, designing new time
discretization schemes [65, 22, 59, 72, 51] for implementing GAUL is also an important di-
rection. We proved that using the Euler--Maruyama discretization, GAUL will converge to a
biased target distribution, which is not surprising since ULA is also biased. We also proved
that \scrB \scrA \scrG \scrO \scrG \scrA \scrB splitting could achieve a smaller first-order bias than Euler--Maruyama. This
is also verified in our numerical experiments. Therefore, another promising direction could
be to combine GAUL with MCMC methods [8, 33, 12, 66, 10], such as Metropolis--Hastings
algorithms, to design a hybrid method with accept/reject options so that the algorithm con-
verges to the correct target distribution in the discrete-time update. Finally, choosing the
preconditioner \bfitC to accelerate convergence is an important topic. The difficulty of picking \bfitC 
arises from the positive semidefinite constraint on sym(\bfQ ) in (2.16), which we should explore
in future work.

Appendix A. Euler--Maruyama discretization. The Euler--Maruyama scheme of (2.15)
with step size h and \bfitC = \bfI reads

\bfitx t+1 =\bfitx t  - a\nabla f(\bfitx t)h+ \bfitp th+
\surd 
2ah\bfitz (1) ,(A.1a)

\bfitp t+1 = \bfitp t  - \nabla f(\bfitx t)h - \gamma \bfitp th+
\sqrt{} 

2\gamma h\bfitz (2) .(A.1b)

\bfitz (i) is a standard Gaussian random variable for i= 1,2.
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