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Abstract

Predicting the properties of electrons accelerated to relativistic energies via laser wakefield accel-
eration is dependent on a wide range of parameters that are difficult to efficiently optimize. Such
problems would benefit from the use of Bayesian optimization schemes, which if implemented
correctly may efficiently find optimums in complex parameter spaces. By separating the laser
wakefield mechanism into two stages, an initially higher density plasma of high Z gases may be
used to inject higher charge while a low density homogeneous plasma can be used to efficiently
accelerate electrons with the same laser pulse. However, the nonlinear relationship between the two
stages makes the determination of optimal beam parameters difficult. We show that through the
use of a Bayesian optimization process on 2.5D3V particle-in-cell simulations we are able to effi-
ciently map out regions of interest across a wide variety of physical regimes while keeping down
the computational costs of the parameter scan. Numerically modeling the two stage system, we
varied the injection stage density profile and length and examined the impact on electron beam
charge, energy spectrum, and emittance. We also examined the impact on the laser pulse itself
with regards to the temporal pulse duration. Our analysis identified specific regions in the para-
meter space where variations in pulse propagation and injection processes significantly influ-
enced the characteristics of the resulting electron beam. This approach enabled us to efficiently
identify numerous physical regimes with options on how to tune the electron beam for various
applications.

1. Introduction

Laser wakefield acceleration (LWFA) is a mechanism for accelerating electrons within a plasma wave
driven by an intense ultra-fast laser [1]. We define an ultra-fast laser as a laser with a pulse duration
less than 100 fs. LWFA has the capability to reach acceleration gradients on the order of GVcm™! [2, 3]
enabling relativistic electron beams from millimeters of acceleration length. The resulting electron beams
have fs time-scale durations [4] making them suitable for applications like ultra-fast electron diffraction
[5]. LWFA is also widely used for sources of high brightness fs x-ray beams via the betatron mechanism
[6, 7]. LWFA beams can also produce light across the x-ray and gamma ray spectrum through a variety
of other mechanisms, such as Compton Scattering and Bremsstrahlung [8].

In the so-called ‘bubble regime’ of LIWFA [9-13], the driving laser is so intense that the ponderomot-
ive force can evacuate nearly all the electrons in a region behind the pulse. An ion cavity forms in the
wake since the higher mass ions move on a longer time scale than the electrons. Behind this cavity an
electron density wake forms as the electrons that were pushed transversely outward by the laser are
pulled back by the ions. The resulting longitudinal charge separation between the wake and the ion cav-
ity forms an accelerating structure for an electron that is trapped inside the bubble. The bubble moves
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with the sub-luminal group velocity of the laser, which limits the maximum energy the electron may
gain. This limit on the acceleration length is referred to as the dephasing length.

An important aspect of LWFA is how the laser parameters and propagation impacts the bubble struc-
ture. At relativistic intensities above 10'® W cm ™2 relativistic effects lead the bubble radius become pro-

portional to /ag so that changes in the laser intensity as the pulse evolves also modify the bubble size
e|By|
MeWwr,C

and shape [14]. Here, ag = is the normalized vector potential, e is the elementary charge, m. is the

electron mass, |Ey| is the peak electric field of the laser, wy is the angular frequency of the laser, and c is
the speed of light. Resonantly driving a wakefield also requires matching the laser pulse duration to the
plasma wavelength. Specifically, the pulse duration (7) must satisfy c7 < A\p/2 = 7wc/w, [1], where A, is
the plasma wavelength, and w, = \/nce?/(meeg) is the plasma frequency in terms of the electron density
(ne), and vacuum permittivity (¢). At higher electron density, A, is shorter and the bubble’s electron
density gradients are steeper. Higher field strength bubbles therefore require shorter pulse durations.
Recently, there has been success in using pulses with durations only a few optical cycles long (<10 fs

at 800 nm), for LWFA [15-18]. These experiments typically use millijoule scale energy pulses externally
compressed to few cycle incident on high density gas targets to produce MeV electron beams with high
charge. However, scaling the external compression to few-cycle of laser drivers at Joule energies is diffi-
cult due to issues maintaining laser beam quality [19, 20]. Pulse compression can be performed in-situ
using density gradients in the bubble itself to create a variation in the refractive index. This effect causes
a pulse to self-focus [21] and self-compress [22], matching the pulse’s waist and length to the bubble
radius. Using this method, pulses as short as 10 fs have been measured experimentally [23].

Trapping electrons in the accelerating structure of an IWFA in a controlled way is also a non-trivial
problem. Trapping may occur when an electron is both spatially inside the bubble and has a longitudinal
velocity greater than the wake phase velocity. The process of getting an electron trapped in this structure
is called injection. Controlling the injection of charge into the wakefield is a critical aspect of a LWFA
setup since the resulting electron beam’s properties such as the energy spread, charge, and emittance are
sensitive to the injection process used [24-29]. Two common techniques for injecting electrons from the
background plasma into the bubble are density transition injection [30], and ionization injection [31,
32]. In density transition injection, electrons are injected as the bubble expands at the transition from
high to low electron density. Density transition injection is also sometimes referred to as down-ramp
injection [33, 34]. During ionization injection, the laser field ionizes inner-shell electrons from a high-Z
gas inside the bubble. These electrons then may be injected when they fall behind the laser into the wake
[31, 32].

A higher electron density may be desirable for injecting more charge while a lower density is desir-
able for increasing the acceleration length to maximize energy gain. This is because at high electron
density, more electrons are available and stronger fields can more readily accelerate them into the
trapped region of phase space while at low density, the higher group velocity of the laser in the plasma
enables a longer accelerating length. These competing interests motivate separating the gas target into
two stages: one stage for injection and a subsequent stage for acceleration [35]. To enable more con-
trol over the resulting electron beam properties through staging, the injection should be localized to the
injection stage. An advantage of density transition injection in a two stage setup is that it naturally local-
izes the injection to the location of the density transition. Similarly, by confining high-Z species to a first
stage, ionization injection can also be localized [36]. This enables greater control over the resulting elec-
tron beam properties. For instance, localizing the electron injection in a higher density first stage can,
under the right conditions, reduce the overall energy spread of the electron beam as more electrons take
advantage of the full acceleration length in the second stage as opposed to continuous injection through-
out the accelerator [28, 37]. Multi-stage accelerators have a nontrivial dependence on the initial condi-
tions, motivating the use of numerical models for understanding and optimizing parameters [38—40].
Here, we define a ‘stage’ as an independent gas target that is a part of a single LWFA. This differs from
schemes that use multiple laser drivers incident on a cascading chain of gas targets, each one acting as
an independent IWFA [41, 42].

In this article, we present a numerical investigation and optimization of a two-stage LWFA system
driven by a multi-terawatt (TW) laser where the first stage is designed to simultaneously control the
electron injection and laser pulse propagation. Here, the first stage models a thin argon gas jet with
a shock front created by a physical obstruction to achieve the ionization and high density require-
ments. The second stage is an extended homogeneous helium accelerating stage at a fixed density. The
laser-plasma interaction was modeled using 2.5D3V particle-in-cell (PIC) simulations. By controlling
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the density and length of the first stage, we can control the compressed laser pulse duration and self-
focusing. Since the impact of the initial conditions on resulting electron and laser parameters is complic-
ated and nonlinear, we use Gaussian process (GP) regression and Bayesian optimization on the density
and length of the first stage to determine optima in a computationally efficient manner. This process
enabled us to identify 4 distinct acceleration regimes in the parameter space. At lower first stage densit-
ies, we observe electron beams with over 100 pC and hundreds of MeV energy. As the density is further
increased, different qualitative electron beam properties are observed depending on the thickness of the
first stage, likely due to pulse compression and self-focusing. We found optimal values in each regime for
increasing the accelerated charge and electron energy for varying injection processes.

2. Methods

We performed simulations on the University of California, Irvine HPC3 computing cluster, utilizing
their GPU nodes. Using the PIC code WarpX [43], we systematically vary the length scale and density
for the first stage which was followed by a fixed millimeter-scale helium accelerator stage. The simula-
tions employed a quasi-cylindrical 2.5D3V geometry where the fields are decomposed into azimuthal
modes with optimizations for GPUs [44]. This geometry takes advantage of the radial symmetry of
both the laser field and the target density profile, significantly reducing computational resource require-
ments while still capturing physical phenomena that would be neglected in 1D or 2D geometries. To
reduce numerical Cherenkov radiation [45] present in finite difference time domain solvers, we used

a pseudo-spectral Maxwell solver [46]. The convention we will use is that the direction of propaga-
tion is the z-axis, and the radial coordinate is r with the laser polarization along the x coordinate and
the y coordinate in the orthogonal direction to x and z. We define the z-axis 0 as being the location of
the transition between the two stages. The laser travels from negative to positive values of z. The sim-
ulations were run with the first two azimuthal modes. The window size was 40 um (r) by 80 um (z).
The mesh resolution was A/5.12 in the radial direction and A/20.48 in the direction of propagation.
The window moved at the speed of light in the direction of propagation. Each cell has 8 neutral atom
macro-particles, with ionization modeled with the ADK model [47]. The laser was a linearly polarized
Gaussian beam with a 10 um beam waist, 0.8 um central wavelength (\), 1] energy, and a full-width at
half-maximum (FWHM) pulse duration of 35 fs corresponding to a peak power of ~27 TW. These laser
parameters are not atypical for LWFA experiments [48]. The focused field strength in free space has a
normalized vector potential (ay) of 2.84. The free space focus was fixed at 100 um before the transition,
i.e. zfe = —100 um.

We chose the first stage density profile to realistically achieve a high density, using an analytical
expression which approximates a high density gas jet with an obstruction to form a shock front [28].
This configuration was chosen as opposed to a uniform cell due to practical limitations related to min-
imum length, density gradients, and maximum density. The first stage has two adjustable parameters,
the maximum density and the length scale. Analytically, we represented the first stage as being defined
in the region from z; < z < 0 and given as a function of the varied parameters ny and z; by the logistic
function in the form shown below,

= 72 1 (1)
T\ Ty e ke )M

The form of this equation makes the density start at 0 at the position z;, increase linearly near z = z;,
and eventually plateau at ng. The K parameter is set to make the density at the end of this stage at 0 ym
equal to 0.905 - ny. The second stage, for acceleration, has a constant density profile meant to model an
extended gas jet or cell [49]. The density and length of this stage are kept fixed. The acceleration stage
extends from 0 pum to the approximate dephasing length at 2.3 mm with a constant helium neutral dens-
ity of 3 x 10" cm™>. A diagram of the density profile is shown in figure 1.

We used neutral argon, with density ny,, as the gas medium for the first stage. We used argon over
more typical gases such as helium to improve the pulse propagation. For instance, to mitigate excess-
ive self-focusing, argon was used rather than helium in the first stage to enable ionization-induced de-
focusing. This mitigates the relativistic self focusing in the plasma which enables a higher ratio of pulse
compression to self focusing. Additionally, the ionization gradient in argon can also enhance the pulse
compression [50]. At the laser parameters used we expect, based on a calculation of the barrier suppres-
sion ionization [51], to ionize the L and M shells of the argon on axis to get 16 electrons per initially
neutral argon and to fully ionize the helium. Because the L shell electrons require higher intensities to
ionize, they are ionized close to the peak intensity enabling ionization injection.

3
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In a realistic experiment, the density profile for an injector stage would have a complicated profile
depending on the details of the target design like gas intermixing between stages. Additionally, the spe-
cific density profile of the down-ramp at the transition between stages will impact the injection process
[26, 27]. These details have been omitted to restrict the injection and pulse compression to a clearly
defined first stage, to facilitate physical understanding.

The accelerated bunch was optimized by simultaneously scanning the peak argon neutral density, n,,
and the starting location of the first stage, z; and calculating the charge of the electrons with a normal-
ized momentum satisfying /3, > 600. We choose this condition as many applications depend on hav-
ing a high charge while also requiring high energy. From a preliminary simulation with only the helium
stage, we found that the momentum distribution was centered on /3, = 995, so 73, > 600 was chosen
to only count electrons that are accelerated to at least 60% of this value. For reference, this normal-
ized momentum corresponds to an energy of 307 MeV. To efficiently use finite computation time, we
alternated between exploring the varying parameters #y and z; randomly and optimizing the charge with
v, > 600 with Bayesian optimization using GP regression [52]. A GP regression makes it straightfor-
ward to incorporate results from anywhere in the parameter space into a statistical model based on the
results. The GP regression model interpolates the results, which for a two-dimensional parameter space
can then be plotted as a topographical map to visualize the model. As more simulations are run, the
model becomes more accurate and can be used to predict optimal parameters with a Bayesian optimiz-
ation process [53]. We used a GP model with a Matérn 5/2 kernel added to a white kernel. The Matérn
kernel incorporates assumptions about the length-scale and smoothness of the model while the white
kernel accounts for noise to prevent overfitting. By repeating the loop of exploring the parameter space,
visualizing with GPs, and optimizing, we identified patterns and areas of interest in the results that
would otherwise have been less apparent.

The parameter scanning was done through the python library Optimas [39, 54] using Bayesian
optimization to find optima in the two-dimensional parameter space more efficiently and Sobol
sampling to sample the entire parameter space. The GP regression shown in figure 3 was made using
Optimas, while those shown in figures 2 and 5 were made using the scikit-learn package [55].

3. Results

3.1. Parameter scan and optimization

A total of 135 simulations were run to generate the data presented in this article. The median simulation
took approximately 2 h to complete on a NVIDIA V100 GPU and simulations were typically run in pairs
so that two GPUs could be utilized simultaneously. The first 25 simulations took initial values for para-
meters 7y and z; from pseudo-random Sobol sampling. The next 14 simulations had Bayesian optimiza-
tion enabled to find and explore optima for charge with v/, > 600. The optimization algorithm quickly
found a local minimum on the bottom of the range for z; in the region of 1y near 1.5 x 10'® cm 3.
After this local optimum had been explored, we continued with Sobol sampling to explore more of the
parameter space for simulations 41-50. In this second random sampling scan, we saw a point with a
significantly higher charge of —136 pC with 3, > 600 at 1y = 0.53 x 10'¥cm~2 and z; = —319.9 um.
Before this point, the charge magnitude was below 52pC for comparison. After finding this point,
Bayesian optimization was used for the next simulations from 51 to 75. However, since the hyper-
parameters of the underlying model for the optimization algorithm are not known a priori, the model
treated this high charge point as an outlier. As a result, the length-scale for the kernel was too long and
it continued to exploit the local minimum it had already found previously rather than explore the new
optimal point. In order to encourage the optimization algorithm to explore the region around ny ~
0.53 x 10'® cm ™, the limits for the parameter space were temporarily changed to 1y < 0.7 X 10 cm™
for simulations 82—111, after which this density region was well sampled. The subsequent 4 simula-
tions sampled from the full parameter space, and with the additional points, the algorithm was able to
self-correct the earlier issue with the kernel’s length-scale to find the global optimum for charge with
v, > 600 in simulation 113. This simulation is shown in the discussion section in figure 8(c). The
remaining simulations were run with Sobol sampling, sometimes with manually restricted regions of
the parameter space to reduce the uncertainty in regions that had been under-sampled previously. The
resulting GP model for the charge with 3, > 600 is shown in figure 2(c). Although the optimization
was run on the charge with v/, > 600, the results for that and other momentum cutoffs were ana-
lyzed on the same dataset and are also shown in figure 2 to display more information about the res-
ulting momentum spectra. Electrons outside the primary bubble are excluded from the charge results in

3
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Figure 1. Density profile of simulations for illustrative purposes. The laser goes from the left to the right. The parameters that are
varied are g and z,. The value of ny is the neutral density for the argon where the function plateaus. z; is where the first stage
starts. The slope changes to ensure that the argon density at z = 0 um is the same for a given ny regardless of z;. The helium neut-
ral density is drawn on a different scale to give the impression that the density of the first stage is higher than the second. This is
true for most of the parameter space scanned for the electron density, even if the not for the neutral density, because each initially

neutral ion can be the source of multiple electrons.

figures 2(a)—(d) as well as in the rest of the results section by only counting charge within the rectangu-
lar position selection annotated in figure 8. This ensures that charge from secondary bubbles or that is

injected late in the simulation is excluded in the analysis.

3.2. Charge results

The most charge accelerated to /3, > 600 was —142 pC when the value of ny was 0.52 x 10'® cm™* and

the start of the first stage was at z; = —100 um. The approximate corresponding electron density at the
3, assuming that the L

transition between the two stages would be 7, &~ 0.905 - 1619 = 7.5 x 10'® cm™
and M shells of argon are ionized but the K shell is not. The second helium stage would have an elec-

tron density of 6 x 10'8 cm ™ giving a ratio of 1.25 between the first and second stage electron densities
at the transition. This density ratio is similar to the values in the literature in studies of density trans-
ition injection such as in [26]. Around this point, it can be seen in figure 2 that there is a band of
where the quantity of charge injected for 3, > 400 is maximized around ny =~ 5 x 10" cm™>. As the
momentum cutoff for the reported charge is increased this band of 7y, where the magnitude of charge is
maximized becomes narrower on the ny axis and shifts to a lower n, value.
Another feature of figure 2 is that in the region nearby ny ~ 2 x 10" cm ™ and z; ~ —150 um there

is a peak in the magnitude of charge for the 3, > 400 and the v/, > 500 momentum cutoff. However,

for higher momentum cutoffs this feature goes away with little charge in the /3, > 600 plot and min-

imal charge in this region in the 3, > 700 plot.
There is a local maximum for the charge magnitude in the bottom right for the higher momentum

cutoff, 3, > 600 and vf3, > 700, plots in figures 2(c) and (d) around ny ~ 1.6 x 10'® cm 2. The sim-
ulation in this region with the most charge with v3, > 600 was located at the parameters, ny = 1.87 x
10" cm™? and z; = —400 um and had a charge of —50 pC above that momentum cutoff. This local max-

imum goes away for the lower momentum cutoffs of v/, > 400 and 3, > 500.

3.3. Maximum energy results
The contour plot in figure 3 displays a map of the GP regression of the maximum energy of the elec-

trons. The simulation with the highest maximum energy electron had an energy of 754 MeV with
—282 pm. The highest maximum energies occurred for simulations on

1o = 0.26 x 10" cm ™3 and z; =
the left side of the plot with np < 0.4 x 10" cm 3. The band of 1y near 0.6 x 10'® cm™> where there was

a maximum for the charge magnitude in figure 2 has a decreasing maximum energy for increasing g
in the maximum energy plot. There is another local maximum in the maximum energy on the bottom
for ny values between 0.5 x 10" cm™ and 2 x 10" cm™> and z; < 0. This is the same region that the

5
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Figure 2. Gaussian process model for the charge at the end of the second stage, or z = 2.54 mm. Each subplot shows the charge
with momenta above a different momentum cutoff. The scatter plot points show parameters where a simulation was run. Black
stars specify the simulations selected as examples for figure 8. Lines divide the regions of the parameter space with labels I, II, III,
and IV for the discussion. Region I has the global maximum charge magnitude with 142 pC of charge with at least /3, > 600.
Region III has significant charge reaching /3, > 400 but less charge above the 3, > 600 cutoff. Region IV has a local maximum
for the magnitude of charge with v/, > 600 and > 700 at the bottom of the plot where more charge is accelerated to above those
cutoffs.
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Figure 3. GP model for maximum energy electron in MeV. Black points show where a simulation was run. White stars show the
simulations selected for figure 8.

previously mentioned local maximum in the magnitude of charge with v/, > 600 or 700 was located in
figure 2.

3.4. Emittance results
The normalized transverse emittance is defined [56] as

() (p2) {xp)? (2)

€n,rms,x =
MeC
where, () denotes the second moment and the x-position and x-momentum x and p, can be replaced by
y and p, to get €, rms,y. The normalized emittance was calculated from the electrons in the first bubble at
the end of the second stage at z=2.54mm and is shown in figure 4.

The emittance is generally higher in the x-direction, along the laser polarization, than the y-direction.
The x-emittance shows a linear dependence on #, for the blue (right facing triangular) and purple (cir-
cular) points in figure 4 starting at around ny = 0.48 x 10'® cm ™ with a slope of 6.33 mm mrad per
10'8 cm ™. The orange (left facing triangular) points, which are for simulations with —200 um < z;

6
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Figure 4. (a) x (along laser polarization axis) and (b) y normalized rms emittances vs ny for different regions of parameter space.
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40.00

35.62

31.25

26.88
13

hm pulse duration [fs]

1N
']
8
for fwl

18.12

ion

13.75

21, start position of first stage [um]
21, start position of first stage [um]

9.38

<
GP Mean Prediction for 1/e? beam radius [um]

GP Mean Predicti

1.0 15
o [10%cm=3)

10 15
no [10%%em =]

Figure 5. GP regression for the beam waist (a) and pulse duration (b) measured at z = 160 pm, after entering the second stage.
Black points are locations where a simulation was run.

< —100 um follow a trend line with a smaller slope of 2.33 mm mrad per 10'® cm~>. Below ny = 0.48 x
10'® cm—3, the x-emittance is not following the trend line but remains in the range of 2—6 mm mrad,
except for the baseline point where ny =0 which indicates that there is no first stage. This point had the
lowest x-emittance of 0.58 mm mrad. Additionally, as the first stage is made more thin, the x-emittance
becomes less dependent on the density, resulting in the triangular region of the plot below the trend
lines for the orange and blue points where the red (down facing triangular) points lie, corresponding to
z; > —100 pm.

In the y-emittance, the linear increase in the emittance starts at a lower value of 1y ~ 0.1 x
10" cm 3. The emittance increases linearly until 7y &~ 1 x 10'® cm > where points start to fall below
the trendline. The trend line in the figure has a slope of 1.44 mm mrad per 10'® cm . There are not-
able outliers from this trend below 1y ~ 0.1 x 10'® cm ™3 where the emittance increases from the 1y =0
value of 0.45 mm mrad to 2 mm mrad before decreasing again to 0.37 mm mrad at the start of the lin-
ear increasing trend. Other significant outliers are the red (down facing triangular) points which have a
relatively flat dependence on #y.

3.5. Pulse propagation results

A GP model for the pulse duration after the end of the first stage and an additional 160 um of propaga-
tion in the second stage is shown in figure 5. The additional 160 um of propagation in the second stage
contributes little non-linearity to the pulse but enables some divergence. The pulse duration of the laser
is self-compressed in the first stage, with the most compression occurring in the thicker and higher
density regions of the parameter space. The FWHM pulse duration gets as low as 10fs at the selected
timestep for a compression factor of 3.5 x compared to the original pulse duration. The field energy at
this time-step retains >80% of the original 1] field energy (the simulation with the most pulse compres-
sion had 86% for example) leading to an increase in the peak power.
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4. Discussion

The first stage affects the acceleration in the subsequent stage through both injection of electrons into
the wake as well as shaping the laser pulse. In order to understand these processes, it is important

to understand the relationship between the electron density and the plasma frequency, and how this
impacts the plasma wavelength. The electron density controls the plasma wavelength and the density
gradients that form the wakefield structure, with higher electron density leading to a shorter plasma
wavelength, and steeper density gradients. The plasma wavelength is crucial for the injection and accel-
eration processes since it controls the distance between the laser and the wake, changing both the deph-
asing length and the region of the phase space where injection can occur. Additionally, a steeper elec-
tron density gradient at higher density increases the rate that the laser pulse is compressed [22] and self-
focused. However, too high of a density can lead to effects like beam breakup, which adversely affects
the ability of the pulse to drive a wakefield in the subsequent stage. Scanning the density and the length-
scale of the first stage therefore enables us to tune the resulting electron beam’s properties.

There are multiple injection processes that we would expect to be present in an LWFA with the spe-
cies and density profile used in these simulations. We expect the dominant injection mechanisms to be
ionization injection due to the presence of the high Z argon and density transition injection [30], altern-
atively referred to as a down-ramp injection in the literature [33, 34], which occurs when the plasma
density decreases at the transition between the two stages. In a constant density low Z gas, self-injection
from electrons scattering into the bubble from the wake [57] would be the primary injection process.
However, for the simulations presented in this article, the density of the helium in the second stage for
these laser parameters is below the self-injection threshold given in [58] so we would not expect it to be
the dominant mechanism when ionization injection or density transition injection is present.

To ease discussion, we divide the parameter space into different non-overlapping regions labeled I,
I1, III, and IV where we observed different patterns in both the momentum spectra and the emittance
during our exploration of the parameter space. Region I is located on the lower density side of figure 2
with 19 < 6 x 107 cm™? where we identified the most electrons with v/, > 600. In this region, we see
a transition between different injection mechanisms depending on the value of . The remaining three
regions have 1y > 6 x 107 cm~ but are split into different intervals of z; since the resulting electron
spectra above this density exhibited qualitatively different trends based on the thickness of the first stage.
We split the 19 > 6 x 10" cm™> parameter space into region II with —100 ym < z; < —10 um, region IV
with z; < —200 um and region III in between II and IV. The regions are annotated in figures 2 and 3.
Region I, II, and III had relatively little laser pulse compression, whereas high levels of compression were
observed in region IV.

The largest magnitude of charge with v/, > 600 occurs within an optimal band of region I near
1o~ 0.5 X 10" cm ™ which can be seen in figure 2(c). This band has features that we would expect
from a density transition process as the change in ng affects the density ratio between the two stages
which in turn controls the change in A;. The magnitude of the A, increase affects the location that the
electrons are injected in the second stage because when A, becomes larger, electrons trapped in the first
stage wake are now ahead of the wake in the second stage when the bubble expands. A smaller change
in A\, between stages enables injection closer to the back of the bubble in the second stage which max-
imizes the energy gain, but a smaller change in A, also has a tradeoff in the quantity of charge that
can be injected as there is a smaller volume for injection. This explains why as the momentum cutoff
is increased in figure 2, the band of 1y where the most charge is injected narrows and moves left as
decreasing ng increases A, in the first stage. In this lower density region of the parameter space, the laser
pulse is not significantly modulated as the rate of self-focusing and pulse compression depends on the
electron density.

At higher first stage densities, the electrons are injected into the second stage bubble further ahead
of the wake, since ), in the first stage is shorter. As a result, even though significant charge is injected
the maximum possible energy gain for the individual electrons is lower as the electrons start out par-
tially de-phased. This feature can be seen in figure 2(a) where in region III, there is significant charge
in the lower momentum cutoff of v, > 400. However in region III, much less charge compared to the
other regions reaches the higher momentum ~3, > 700 cutoff in figure 2(d). However, as the density of
the first stage is further increased, the electrons in the second period of the wakefield in the first stage
can be phase-matched to be injected into the back of the first wake of the second stage [59]. We would
then expect to see a second optima in the higher momentum cutoffs at this higher density. However, by
looking at the v, > 700 plot in figure 2(d) or the slice in figure 6 we see that this second optima only
appears in region IV.



10P Publishing

New J. Phys. 27 (2025) 124301 C Gardner and F Dollar
0
E |
E 20
N | )
o i
I
N i
© 407 \F ]
g i
= ¥ i
S 1 4x 2nd stage n
2 —60 T | H e
A W >na 1
Q;{ : 2nd stage ne 1
é —80 - —— 2,=-400 um slice
i —— z;=-150 um slice
g v z1<-200um
S -100 4 | —200 pm <z; < —100 pm
4 =100 pm<z;<0 um
0.0 8.0 16.0 24.0 32.0 40.0

16ng [108cm~3]

Figure 6. lines with error bars are horizontal slices of the 3, > 700 charge GP model shown in figure 2(d). There is a difference
in 1y dependence for region III (orange) and IV (blue). The value of ny is scaled by 16 so that it corresponds to the electron dens-
ity when the neutral argon’s L and M shells are completely ionized. Vertical dashed lines correspond to an electron density equal
to, and 4 times the electron density of the second stage. The charge has a resonance for both slices when 1619 2> 6 x 10'8 cm ™3
while the z; = 0 slice has a second resonance at 167y = 24 x 10'® cm™2 where the z; = 150 um slice does not.

In figures 2(c) and (d), corresponding to momentum cutoffs v3, > 600 and v/, > 700, there is
a local optimum in the quantity of charge in region IV that does not occur at the same n, value for
region III. This can be seen in figure 6 where the z; = —400 um slice in blue has a local optima around
1615 = 24 x 10'8 cm =3 while z; = 150 um slice does not. Figure 6 shows that this optima occurs when
the electron density at the transition is ~4x the electron density of the second stage. An explanation
for this difference may be inferred by looking at figure 7, where there is a different correlation between
the pulse compression in the first stage and the resulting accelerated charge for different regions of the
parameter space. In particular, region IV has an optimum for the charge at a FWHM of 15 fs while
this trend does not appear in points from region III, despite both results spanning a similar rn, range.
The longer first stage in region IV provides more length for the pulse to compress such that the pulse
is shorter during the transition between the two stages. There are two primary means that a shortening
pulse duration can enhance the injection. First, a longer propagation in the first stage enables the pulse
to get closer to, or satisfy, the ¢r < \,/2 requirement for efficiently driving the wake, which is a stricter
condition as the density is increased (7 is the FWHM pulse duration). Another benefit for injection is
that increasing g, leads to an increase in the bubble radius due to relativistic corrections to the plasma
frequency [14, 22]. The increase in the bubble radius from the increasing ay can have a similar effect to
a density transition on the injection.

In region II, the plasma wavelength, A, is between 5 and 11 um at the end of the first stage, depend-
ing on ny. Meanwhile the thickness of the region of z with argon is between 10 um and 100 um. As the
density of the argon must increase from 0 to ng over that length, the up-ramp’s length scale becomes
comparable to . This has implications for the laser pulse, which is relatively unmodified by the first
stage, as can be seen in figure 5. Additionally, the density transition injection process is impacted, as the
bubble structure has less space to form in the first stage.

The distinct physical mechanisms underlying the behavior in each region can be directly observed in
the electron density at several timesteps and in the resulting momentum spectra of representative simu-
lation examples as shown in figure 8. The electron density is plotted to show the wake structure at three
times: the accelerating bunch at the transition between the two stages, after the wake is fully formed in
the accelerating stage, and at the end of the accelerator length. Meanwhile, the electron momentum spec-
tra show the impact of the injection mechanism on the momentum spread and quantity of charge. First,
it is useful to consider the case of a homogeneous accelerator, i.e. a single stage without an injection
stage which is shown in figure 8(a). The remaining cases can then be benchmarked against this initial
case. In the absence of a first stage, equivalent to when g is set to 0, charge is self-injected while the
laser propagates in the helium accelerating stage. This configuration results in a relatively low charge but
high maximum v/3,, as the minimal beam-loading enables a stronger accelerating field. This is a baseline
case which we can compare the other examples to.
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Figure 7. Different regions of the parameter space have different correlations between pulse compression and charge with v, >
700.

We can also plot the case from our simulations, also from region I, which produced the highest
energy electrons in figure 8(b). This example shows similar behavior to the case with no first stage but
with more charge overall and a slightly higher maximum vy/$,. This simulation had a ny value that res-
ults in a lower electron density on the first stage side of the transition than in the second stage. Density
transition injection can therefore be ruled out since the transition is from a larger A, to a smaller \,.
The higher charge compared to the baseline without a first stage is because the charge is being injected
through ionization injection. In ionization injection, electrons with higher appearance intensity are ion-
ized in the peak of the laser pulse rather than the leading edge which enables them to fall behind the
pulse and into the wake [31, 32]. We can confirm that this is what occurs in this example by tracking
the particles as shown in the supplemental. As the electrons are injected in the first stage, some of the
electrons get more acceleration length and reach higher energies compared to the baseline case, where
the electrons are injected at some point in the second stage.

Using the same approach we can examine representative cases in each of the regions with a transition
from a higher to a lower electron density to validate our hypotheses for injection and acceleration in
each case. Figure 8(c) shows a representative simulation in region I where we begin to observe density
transition injection. We chose to display this example because it had the most charge with v/, > 600,
which was the condition that the algorithm we used was optimizing. When electrons are injected into
the same region at the back of the wake, as can be seen in the second time step’s electron density, and
the injection is localized to the location of the transition the resulting energy spread is mono-energetic.
We can see that this is what happens in this example as the momentum spread is narrow even as the
total charge is quite high compared to the other examples.

In the region II example in figure 8(d), the first stage is so thin that a bubble does not form in the
first stage like it would in the other examples, but there is still a density spike that is able to be trapped
in the second stage. In the density plot in the second column, the injected electrons extends further
from the wake of the bubble which leads to a larger energy spread and relatively low maximum energy.
However, the beam remains high charge and has less transverse spread than other cases at a similar
below it.

Finally, in regions III and IV the examples in figures 8(e) and (f) have a similar ny but different
z;. Despite the density ratio being similar at the transition, the region IV example shows two separ-
ate bunches while in the region III example only a single bunch is observed. The presence of a double
bunch in the region IV example suggests the effect discussed previously where a bunch is injected from
the second period in the first stage to the bubble in the second stage occurs. Despite the similar value of
1y, at the transition, the higher intensity in the region IV case, due to the larger pulse compression and
self-focusing, visibly modulates the plasma waves behind the laser differently between the two cases. The
end result is that while there is an overall lower charge in the region IV case, the double bunch structure
creates a second peak in the momentum spectra that leads to a higher maximum momentum from the
charge that is injected closer to the back of the wake.
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Figure 8. The electron density at three different time-steps as well as the resulting electron momentum spectra for selected
examples. The first time-step shows the transition between the two stages, the next is early in the first stage where the 2nd stage
bubble is formed, and the last density plot shows the final timestep. The black rectangle in the 3rd column plots shows the region
where the particles were selected for calculating the charge in figures 2, 6, and 7, as well as for the emittance in figure 4, and the
momentum spectra shown in the 4th column of this figure.

4.1. Discussion of emittance trends
By plotting a scatter plot of the emittance vs 1, separated by region as in figure 4, we can correlate the
various injection mechanisms observed in each region to the emittance.

The overall higher emittance in the direction of the laser polarization observed for all regions in
figure 4 is expected. As discussed in [32], ionization injection, which would be expected in the argon
first stage but not in the helium second stage, typically leads to higher divergence in the direction of the
laser polarization as the electrons are born in the laser field and interact with it before falling back to
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be trapped in the wake. Interactions with the laser field result in increased transverse momentum and
position spread and would be expected to impact the emittance as well.

In figure 4, the emittance in both x and y increases with ny from the baseline ny =0 case to a local
maximum at the lowest but non-zero ny value. Subsequently, the x and y emittance have a different
pattern where the y-emittance has a linearly increasing trend, while the x-emittance has a second peak
before it also follows a linear trend that begins at a higher value of n5. We hypothesize that the ini-
tial growth in the emittance with 1y between the helium only case and non-zero g is due to a switch
to ionization injection from self injection. The x-emittance is significantly higher than the y-emittance
for ny > 0, as opposed to the pure helium accelerating stage where the emittance in both directions
are comparable. Because the ionization injection process leads to interaction with the laser field, the
x-emittance is more sensitive to the details of where the electrons that end up injected are distributed.
This helps to explain the second peak in the x-emittance as the first stage bubble radius changes with ny,
which changes the interaction between the electrons at the front of the bubble and the laser modifying
the trajectories of the electrons. Subsequently, the x-emittance decreases until a linear increasing trend
begins. This linear trend in the x-emittance starts at the same density that we see the optimal band for
the charge in figure 2, suggesting that the trend is due to the density transition injection process becom-
ing the dominant injection mechanism. Density transition injection would have increasing emittance
with the value of ny because a larger density ratio between the two stages leads to a larger bubble expan-
sion at the transition, which enables electrons located in a larger transverse area(as well as longitudinal)
to be injected. This may explain the linear increase in the emittance with 7y in region I, III, and IV.

The emittance in region II is well below the trends for region III and IV, with the y-emittance espe-
cially showing a clear separation between the emittance trend in region II compared to the other regions.
More qualitatively, there is also a clearly narrow transverse extent of the bunch in the region II example
of figure 8 than the subsequent examples.

5. Conclusion

We have shown how the density and thickness of an injector stage of a realistic two-stage LWFA controls
the resulting electron beam properties via hybridization of density transition and ionization injection
mechanisms. Use of numerical optimization schemes and GPs enables us to identify distinct physical
regimes of LWFA in a complex parameter space. By scanning just two parameters we identify regions of
the parameter space enabling desired properties of the electron beam like the maximum energy, charge,
or emittance to be tuned. In region I, when the first stage is at a lower density than the second, the
highest energy electrons were observed. When the first stage density is increased in region I, we observe
an ideal range of densities for density transition injection, where the low emittance, high charge, and
lowest momentum spread bunches are observed. As the density is further increased, we observe that for
thin first stages in region II, we see broad energy spread low emittance electrons. At the same densit-
ies, as the length of the first stage is increased, the emittance increases but the charge also increases in
region III. Eventually, when the density and length of the first stage is long enough, we see a region with
significant pulse compression in region IV where a double bunch structure forms which, while having
less charge overall than region III, enhances the amount of charge on the high momentum end of the
spectrum.

Running two simulations in parallel, each on a NVIDIA V100 GPU, the full parameter scan required
less than 6 d, demonstrating that formerly intractable LWFA parameter scans may now be completed
with practical amounts of time and resources. As laser systems increase in repetition rates, numerical
methods will be needed that are similarly repetition rated.

5.1. Future work on multi-stage optimization

For simplicity, this work restricts the number of parameters to just two: the starting position and density
of the first stage. It is exciting to consider the possibilities of extending the technique to include other
impactful parameters. For instance, a longer transition between two stages has been shown to reduce the
emittance at a cost of reducing the quantity of charge [29], adding the transition length as a parameter
could further improve LWFA performance. Ionization injection can be tuned by varying different gas
mix ratios. In general, for higher dimensional parameter spaces accurately identifying regions of interest
and local optima become more time consuming as more scans are needed compared to the two dimen-
sional case studied here. Despite that, the GP regression and Bayesian optimization method used here is
well suited for optimizing a multidimensional parameter space that varies all of these different paramet-
ers while minimizing the number of required simulations and thus the required time.
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There is also significant interest in scaling LWFA to the multi-PW regime to reach energies at or
exceeding 10’s of GeV. Future work could look at optimizing the density transition mechanism for con-
trolling beam quality with a multi-Joule beam at a lower second stage density. The lower density would
be required to reduce self focusing and would also have the benefit of increasing the dephasing length
for higher energy gain. Understanding how to effectively surpass the dephasing limit would enable sub-
stantially higher electron energies, and would likely require careful examination of the parameter space
for how to structure the laser or plasma density to accomplish such a feat.

5.2. Scaling pulse compression and multi-stage LWFA to higher energy lasers

It is of note that in these simulations significant pulse compression can be achieved in the first stage in
region IV with FWHM pulse durations as low as 10 fs compared to the original 35 fs of the input pulse.
Achieving pulse durations below 20 fs with conventional Ti-Sapphire based chirped pulse amplification
[60] lasers at Joule level energies is extremely challenging. Post-compression after amplification uses non-
linear effects to achieve high power few cycle laser pulses, such as thin film compression [61]. Scaling
post-compression after amplification techniques to high energy pulses [20] while maintaining through-
put efficiency and beam quality is a grand challenge problem for laser technology [62]. For high peak
power laser pulses, non-uniformity in the near field makes it difficult to use most optics to pulse com-
press as the beam must stay under damage thresholds and non-uniformity results in varying spectral
broadening across the pulse [19]. Demonstrating the usability of such a pulse after using non-linear
effects to broaden the laser spectrum is also challenging since spatial non-uniformity [63] and spatio—
temporal couplings [64] can be introduced. A setup like the one simulated here could demonstrate
both a significant factor of pulse compression through interactions in the far field while avoiding dam-
age thresholds by using plasma, and subsequently using acceleration of electrons in the second stage to
demonstrate the usability of the compressed pulse.

Recently, laser facilities with petawatt- or even multi-petawatt- powers are becoming available [65—
69]. It would be a challenge to compress such high energy pulses using the density gradients from
LWFA. As the bubble created by the pulse has similar spatial dimensions both longitudinally and trans-
versely, increasing the density to make a small plasma wavelength that can temporally compress the
pulse also leads the pulse to self focus. At higher pulse energy, this self focusing also will increase the
ag, and the resulting relativistic correction to the plasma frequency will elongate the plasma wavelength.
The result is an elongation of the bubble longitudinally that reduces the ratio of temporal compres-
sion to self focusing. The density would then have to be lowered to reduce self focusing which would
necessitate a larger propagation length to do much compression. As the propagation length increases,
it becomes more difficult to maintain the beam quality as nonlinearities accumulate. As a result, more
effort is required to understand how to implement a technique to perform meaningful pulse compres-
sion on multi-Joule ultra-fast lasers.
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