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Nanoscale confinement of phonon flow
and heat transport
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Efficient thermal management is critical to device performance and reliability for energy conversion,
nanoelectronics, and thedevelopment of quantum technologies. The commonly-useddiffusivemodel
of heat transport breaks down for confined nanoscale geometries, and advanced theories beyond
diffusion are based on disparate assumptions that lead to conflicting predictions. Here, we outline and
contrast the two predominant formulations of the Boltzmann equation for heat transport in
semiconductors, namely, the ballistic and hydrodynamic models. We examine these methods in light
of experiments and atomistic calculations of heat fluxes and temperature profiles in phononic systems
with nanometer-sized features.We argue that reconciling the hydrodynamic and ballistic formulations
is an outstanding necessity to develop a unifying theory of confinement effects on phonon flow, which
will ultimately lead to optimal strategies for thermal management in nanodevices.

The efficiency and durability of energy conversion systems and data-
processing devices critically dependon effective thermalmanagement, since
operating temperatures significantly influence functionality and intrinsic
properties, and can modify energy flow. To push electric vehicles to higher
performance or to enable higher-speed communications, transistors with
higher power and higher frequencies are required1. However, in power
transistors based on wide-bandgap materials, hot spots can form at buried
interfaces. These can have dimensions of tens of nanometers and can limit
device performance and lifetime to an extent not captured by diffusion-
based heat transport models1,2. Such thermal roadblocks exist not only in
emerging devices but also in current technologies—clock-speeds ofmodern
processors have not significantly increased since the early 2000s due to high
heat loads3. Mitigating these effects is challenging; there is no widely
accepted model of heat flow that is sufficiently tractable computationally to
be applied to technologically relevant geometries, with complex three-
dimensional designs incorporating multiple materials and spanning mul-
tiple length scales.

It is well-established that Fourier’s law of heat diffusion along mac-
roscale thermal gradients breaks down at length and frequency scales
comparable to the mean free paths (MFPs) and scattering rates of the
microscopic energy carriers, namely, the phonons in semiconductors such
as silicon4,5. Under complex non-equilibrium conditions, the diffusive
model cannot reproduce experimental observations, even in an effective
form with adjustable thermal conductivity or interface resistance

parameters6,7. Predominant models developed for highly confined geome-
tries that go beyond diffusion often produce disparate behaviors; some
predict ray-like phonon transport reminiscent of light propagation (the
Casimirmodel)8–10,while others predict phononflowwhich conforms to the
boundaries in analogy to fluid dynamics11,12. While there is some consensus
that suchnon-diffusive phononbehaviors appear at cryogenic temperatures
and low-dimensional materials, there is still much debate about their rele-
vance in room-temperature devices and nanoscale structures. Clearly,
advanced thermal management strategies leveraging ray-like optical ana-
logieswould differ significantly from strategies derived fromhydrodynamic
fluid dynamics. Thus, further investigation of highly confined heat flow is
crucial for optimizing energy-conversion and nanoelectronic devices.

Boltzmann transport
Advanced models of heat conduction start from the Boltzmann transport
equation (BTE) for phonons,

∂f λ
∂t

þ~vλ � ~∇f λ ¼ Cðf λÞ; ð1Þ

where fλ is the phonon distribution function of the λ-phononmode (here, λ
stands for the wave-vector~k and polarization s),~vλ is the phonon group
velocity, andC is the linearized collision operator. Equation (1) is a particle-
like description of phonon transport that neglects any coherent behavior

1Department of Physics, JILA, and STROBE NSF Science and Technology Center, University of Colorado and NIST, Boulder, CO, USA. 2Department of Physics,
Universitat Autònoma de Barcelona, Bellaterra, Catalonia, Spain. 3Department of Materials Science and Engineering and Wilton E. Scott Institute for Energy
Innovation, Carnegie Mellon University, Pittsburgh, PA, USA. 4Application Engineering, MathWorks, Natick, MA, USA. 5KMLabs Inc., Boulder, CO, USA.
6Department of Physics, Utah State University, Logan, UT, USA. e-mail: albert.beardo@uab.cat

npj Computational Materials |          (2025) 11:172 1

12
34

56
78

90
():
,;

12
34

56
78

90
():
,;

http://crossmark.crossref.org/dialog/?doi=10.1038/s41524-025-01593-7&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41524-025-01593-7&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41524-025-01593-7&domain=pdf
mailto:albert.beardo@uab.cat
www.nature.com/npjcompumats


that might emerge at low temperatures or in sufficiently confined
situations13,14. The development of density functional theory15,16 cleared
the way for the ab initio determination of the operator C in bulk
conditions17,18, thus enabling the calculation of the bulk thermal
conductivity for a wide range of crystalline materials via iterative methods17

or the relaxon approach19. However, the need to incorporate complex
boundary conditions and transient energy sources prevents the solution of
the full linearized BTE in all but a few idealized nanoscale geometries20,21.

Over the last decades, significant effort has been devoted to both
simplifying and implementing Eq. (1) beyond bulk conditions, i.e., for non-
homogeneous or rapidly varying thermal fields, and in the presence of
boundaries. These methods can be classified into two main categories: the
ballistic (Casimir) interpretation8,22–25, consisting of direct solutions of Eq.
(1) with a simplified form of the operator C, and the moment-based, or
hydrodynamic, interpretation11,26–28, formulated upon projections of Eq. (1)
into a reduced set of statistical moments of the distribution function. The
former approach generally assumes that the coupling between phonon
modes can be embodied in a single mode-dependent relaxation time that is
independent of the non-equilibrium state, and that each mode interacts
independently with system boundaries. In principle, this description pro-
vides full knowledge of the phonon distribution fλ, which can then be locally
related with macroscopic magnitudes such as the temperature field or the
heat flux distribution. In contrast, the hydrodynamic approach does not
necessarily require any simplification of the operator C, and thus inherently
accounts for collective phonon evolution, or inter-mode coupling. It instead
simplifies the distribution function by solving for it within a sub-space
determined only by its lowest-order statisticalmoments, which are explicitly
related to the temperature and heat flux variables. This simplification
enables reconciling the treatment of the linearized BTE with non-
equilibrium thermodynamic considerations such as the positive produc-
tion of entropy29,30. However, it prevents its general applicability to arbi-
trarily complex non-equilibrium conditions at length or time scales much
smaller than the phonon mean free paths and scattering times.

In this perspective, we compare the ballistic and hydrodynamic inter-
pretations of nanoscale heat conduction in paradigmatic non-equilibrium
conditions, where the phonon flow is highly constrained in nanostructured
silicon. First, we highlight the similarities and fundamental differences
underlying the two approaches, including single- andmulti-scale deviations
from bulk diffusive transport and differing treatments of phonon-boundary
scattering. Then, we present the respective predictions of the local heat flux
and temperature distributions in a phononic crystal geometry, and their
relation to experimental observables such as the apparent conductivity. We
compare these results to non-equilibrium molecular dynamics simulations
in the same system. We conclude by establishing analogies with nanoscale
electron transport and discussing experiments and hypotheses that may
reconcile these approaches to modeling thermal transport.

Ballistic framework
The complexity of the BTE can be significantly reduced via the relaxation
time approximation (RTA),

Cðf λÞ ¼ � f λ � f eqλ
τλ

; ð2Þ

where τλ is the characteristic relaxation time of mode λ, embodying all
potential phonon scattering processes, which are treated as independent
events. The scattering rates can be evaluated ab initio using density func-
tional theory in bulk crystals18, leaving no adjustable parameters.Within the
RTA framework, macroscopic variables like the thermal conductivity κ can
be expressed in terms of the additive contribution of the phonon modes,

κ ¼ 1
3

Z
v2λcλτλ dλ; ð3Þ

where cλ is the phonon-resolved specific heat capacity.

When extrapolating this framework to nanostructured systems, it is
necessary to furtherassume that eachphononmode interacts independently
with the system boundaries. Following an optical analogy, the probability of
a specular or diffuse boundary scattering event depends only on the
wavelength of the phonons and the surface roughness31. This approach has
been used to model and interpret a variety of recent measurements of heat
flow at the nanoscale9,10,32, and has promoted the development of multiple
deterministic10,33,34 and stochastic9,35,36 algorithms to simulate phonon
dynamics in complex structures including two- and three-dimensional
phononic crystals. In Box 1, we provide a representative implementation of
this framework for arbitrary nanoscale geometries.

Intuitive insight on the ballistic picture is accessible through the
notions of phonon suppression24, cumulative thermal conductivity18, MFP
spectroscopy37, and Lévy flights38. In system geometries presenting a single
characteristic length scale L, such as a thin film or a sinusoidal thermal
pattern, it has been proposed that the apparent conductivity of the system is
the cumulative contribution in Eq. (3) of the phonon-modeswithmean free
path smaller than L37,39. As shown in Fig. 1a, the cumulative conductivity
according to the ab initio relaxation time spectrum in room-temperature
silicon predicts that the reduction of the conductivity by reducing system
size occurs smoothly over multiple orders of magnitude, from the few
micron to the few nanometer scales, thus suggesting that phonon transport
at the nanoscale is inherently a multi-scale phenomenon. This implies a
reduction in thermal conductivity at length scales much larger than the
average mean free path �Λ.

Hydrodynamic framework
In contrast to the ballistic framework, which solves the linearized BTE (Eq.
(1)) in terms of the phononmode populations, the hydrodynamic approach
expresses the evolutionof fλ in termsof its statisticalmoments26. Inprinciple,
any solution of the BTE can be equivalently expressed in the basis of sta-
tistical moments. However, for practical reasons, only the projections of Eq.
(1) into the lowest order moments are considered. This underlying
assumption is usually justified via a variational principle31. The intuitive
picture is that scattering mechanisms rapidly reduce the statistical com-
plexity of the distribution function (i.e., relax the high order moments) due
to entropy maximization, and only the lowest statistical moments are
required to properly characterize the non-equilibrium state28. The moment
projections of the BTE result in mesoscopic equations in terms of the
temperature T and the heat flux~q, which can be formulated as a hydro-
dynamic heat equation40,

τ
∂~q
∂t

þ~q ¼ �κGK~∇T þ ‘2ð~∇2
~qþ α~∇~∇ �~qÞ; ð4Þ

where τ, κGK, ℓ, and α are the flux relaxation time, the bulk thermal con-
ductivity, the non-local length, and a dimensionless viscosity coefficient,
respectively. These parameters are intrinsic properties corresponding to
specific averages over the phonon population28. Equation (4) generalizes
Fourier’s lawby incorporatingmemoryandnon-local effects,whichbecome
relevant at characteristic length and time scales representative of the
collective relaxation of themain non-equilibrium feature of the distribution,
i.e., the heat flux. This formulation inherently describes the phonon
evolution as a collective phenomena, where the thermodynamic laws are
implicitly accounted for41. This results in the prediction of non-diffusive
effects that are incompatible with the ballistic approach, such as second
sound in rapidly varying temperaturefields orPoiseuilleflow in thepresence
of boundaries. Interestingly, the hydrodynamicmodel equations are instead
closely related to alternative mesoscopic approaches such as the dual-phase
lag model42 and non-equilibrium thermodynamic formalisms30.

A variety of numerical methods, including finite elements, can be used
to seek solutions to the hydrodynamic transport equation43,44, and the input
coefficients κGK, ℓ, τ, and α can be obtained from ab initio calculations28, as
extensively used to model a variety of experiments7,11,45,46. Instead of mod-
eling the interaction of the boundarieswith each phononmode individually,
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Fig. 1 | Onset of nanoscale heat transport effects.
aRelative cumulative thermal conductivity in silicon
at 300 K as a function of phonon mean free path
according to the phenomenological Holland
model39 and the ab initio calculated spectrum. The
average of the phonon mean free path weighted by
the specific heat �Λ, and the hydrodynamic char-
acteristic length 2ℓ are shown as vertical lines.
b Effective in-plane thermal conductivity in silicon
films as a function of thickness. A selection of
experiments4,39,72–78 is compared to ballistic predic-
tions with the ab initio and Holland spectrums,
respectively, along with hydrodynamic solutions
using ab initio calculated parameters κGK=150 W/
(m ⋅ K) and ℓ = 180 nm. All models assume fully
diffuse phonon-boundary scattering.

Box 1 | Ballistic framework

The steady-state evolution of each phonon mode λ is effectively
decoupled from the other modes and is governed by the BTE under RTA:

~vλ � ~∇fλ ¼ � fλ � feqλ
τλ

:

In response to an arbitrary thermal perturbation, crystal anharmo-
nicity induces scattering within the phonon population and with defects
and relaxes the population of each mode back to local equilibrium at a
rate characterized by the mode-dependent relaxation time τλ. In the
simplest picture, the phononmomentum is destroyed upon collisionwith
boundaries and asperities, and the propagation direction is randomized.
Thus, the emitted phonons from the boundaries are assumed to followan
equilibrium distribution at a temperature determined by the stationary
local equilibrium.

Within the Casimir interpretation, in highly confined nanochannels
with characteristic size L smaller thanmost of theMFPs τλvλ = lλ, phonons
travel ballistically between boundaries and stochastically percolate
through the system.

Under confinement, some modes have a MFP lλ smaller than the
system size L and some have lλ larger than L. The former experience
internal scattering and diffuses through the system from hot to cold while
the latter evolvesvia ballistic transport, thusonly changingdirectionupon
collision with a boundary.

In both confinedand highly confinedconditions, the local heat flux in a
given point can be calculated by integrating the emitted flux from all the
geometrically accessible boundaries. If the temperature of the

boundaries is not homogeneous, the heat flux is not balanced and an
energy current is established. For diffusive modes (lλ ≪ L), intrinsic
scattering randomizes the phonon propagation direction and exponen-
tially attenuates their heat flux contribution:

~qð~rÞ /
X
λ

Z
S0
e�j~r�~r0 j=lλ feqð~r0Þ_ωλ~vλ

dΩ0

4π
;

where ωλ is the phonon frequency and the integral is performed over the
surface area of the accessible boundaries from point~r. The temperature
determining feq of the emitted phonons in boundary locations~r0 is initially
prescribed as a linear decay from hot to cold terminals and then can be
iteratively calculated to ensure energy balance in all boundaries.

Low High

Temperature T

⃗q

For length scales larger than all the mean free paths, Casimir’s model
recovers Fourier’s law with a conductivity described by Eq. (3).
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the boundary conditions are imposed at the level of the integrated magni-
tudes T and~q, allowing for simple implementation even in complex geo-
metries and interfaces. In Box 2, we present a summary of the key
assumptions underlying the hydrodynamic model and illustration of its
implementation in steady-state conditions (examples of the general
implementation for transient experiments can be found elsewhere7,47,48).

Heatflow that follows ahydrodynamic-like transport equation, such as
Eq. (4), has been a long-standing prediction since the early work of Guyer,
Krumhansl, and others40,49–51; however, while this behavior has been tradi-
tionally considered exotic, only occurringwithin anarrowrangeofmaterials
and temperatures, recent theoretical and experimental works suggest that
hydrodynamic effects generally emerge at the nanoscale in crystalline

Box 2 | Hydrodynamic framework

Under nanoscale confinement in steady state, the deviation from the
equilibrium phonon distribution function is assumed to be solely
dependent on the heat flux and the heat flux gradient:

fλ ¼ feqλ þ~βλ �~qþ ~~Gλ : ~∇~q;

where ~βλ and
~~Gλ are vectorial and tensorialweights that canbedetermined

by solving the BTE. Any type of phonon interaction is implicitly assumed
to rapidly and efficiently relax the higher-order perturbations.

As obtained by projecting Eq. (1), this distribution implies a hydro-
dynamic equation, along with energy conservation and slip boundary

conditions:

~q ¼ �κGK~∇Tþ ‘2~∇
2
~q; ~∇ �~q ¼ 0;

~q �~n ¼ 0; qt ¼ �C‘~∇qt �~n;

where ~n is the boundary-normal vector and t denotes tangential
component. The conductivity κGK and the non-local length ℓ are integrals
over λ of~βλ,

~~Gλ, and the slip length Cℓ depends on surface roughness.

Low High

Heat ux magnitude | ⃗q |

Laplacian 
magnitude

|∇2 ⃗q |

Low

High

Heat source

Not Con ned

Bulk di usion

Con ned (2ℓ < L1)

Highly Con ned (L2 < 2ℓ)

⃗q

Boundary 
layer

Di usion 
region

Boundary 
layer

⃗q

Poiseuille pro le

ℓ ℓ

ℓ ⃗q

L1

L2

For arbitrary thermal perturbations at the nanometer scale, the
assumed simplification for the distribution does not accommodate suf-
ficient complexity, and the governing mesoscopic transport equation is
unknown.

Theevacuationof heat throughhighlyconfinednanochannels (sizes
L smaller than 2ℓ) involves a severely constrained phase space for pho-
non evolution, wherein the ansatz for fλ is incomplete. The hydrodynamic
equation in effective form can be used to approximate inhomogeneous
flux profiles and nanoscale effects in terms of hydrodynamic analogs.

Under confinement (sizes L larger than 2ℓ) the ansatz for fλ is
appropriate, and the hydrodynamic equation with intrinsic parameter
values can be used to predict the heat flux profiles and the apparent
conductivity. In analogy to slip flow and boundary layers in rarefied fluids,
a reduction of~q is predicted in regions where ~∇

2
~q>0 due to boundaries,

obstacles, and inhomogeneous temperature gradients.
For wider heat evacuation channels, the deviation from equilibrium is

proportional to~q, which is uniform, and the hydrodynamic equation
reduces to Fourier’s law.
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semiconductors11,28. Specifically, the applicability of the hydrodynamic
framework to describe phonon transport was originally assumed to be
restricted to extremely low temperatures, where momentum-conserving
(normal) scattering events are more frequent than the resistive ones. In this
regime, known as the Ziman (collective) limit, the abundance of inter-mode
transitions that do not relax the distribution back to equilibrium induces a
phonon drift, thus microscopically justifying hydrodynamic effects49. More
recently, two-dimensionalmaterials like graphene were predicted to sustain
the Ziman limit at higher temperatures52,53, and experiments confirmed the
emergence of hydrodynamic phonon behavior in the collective regime54,55.
The microscopic criteria for the emergence of hydrodynamic transport,
however, are under debate. According to the moment-based treatment of
the BTE, Eq. (4) can be derivedwithout assuming the dominance of normal
collisions11,28. Consistently, a variety of experimentsdisplayingnon-diffusive
behavior in 3D semiconductors at high temperatures have been predicted
using the hydrodynamic description7,28,46. Moreover, recent ab initio
investigations on the role of four-phonon processes indicate that the
dominance of normal collisions in materials like graphene is not as
important as previously thought, even in bulk conditions56. These recent
advances suggest that Eq. (4) is the natural generalization of Fourier’s law in
general semiconductors in constrained situations, suchas complex siliconor
germaniumnanostructures, or under the influenceof rapidly varying energy
sources. The dominance of normal collisions according to ab initio calcu-
lations (i.e., assuming a bulk crystal) thus seems a sufficient but not
necessary condition for the emergence of hydrodynamic behavior. Instead,
the scarcity of resistive collisions at the nanoscale prevents rapid homo-
genization of the heat flux distribution, invoking inter-mode correlations
and collective phonon evolution enforced by thermodynamic constraints,
such as energy conservation and entropy production optimization, that are
typically negligible when calculating bulk conductivity near equilibrium.

The generalized hydrodynamic approach for nanoscale heat flow,
however, cannot model situations where the non-equilibrium situation is
arbitrarily complex and the phonon distribution varies arbitrarily rapidly in
time and space26, as higher-order terms in the moment expansion of the
distribution function becomemore relevant. The general applicability of Eq.
(4) has not been demonstrated for Knudsen number Kn = ℓ/L larger than
one, where L is the smallest characteristic scale of the system44. Nonetheless,
effective hydrodynamic approaches with modified versions of the intrinsic
parameters have still shown applicability beyond the traditional bounds of
ab initio predictability12, as discussed further in the following section.

Implications of the ballistic and hydrodynamic pictures
Although both the ballistic and hydrodynamic approaches are based on the
phonon gas model and the linearized BTE (Eq. (1)), they are challenging to
reconcile. A key difference is their respective prediction of amulti- or single-
scale onset of nanoscale effects, i.e., deviations from bulk diffusion, in
confined systems45. Figure 1b plots the room-temperature effective thermal
conductivity κ of a silicon thin film as a function of its thickness L using the
hydrodynamic and ballistic models. From the analytic solution of the
hydrodynamic equation with slip boundary conditions in the thin film57,
one obtains

κ ¼ κGK 1� 2Kn tanhðKn�1=2Þ
1þ C tanhðKn�1=2Þ

� �
; ð5Þ

where Kn = ℓ/L, and the slip coefficient C is set to 1 for fully diffuse
boundaries31,44. Accordingly, a rapid decline in thermal conductivity is
predicted atfilm thickness around 300–400 nm,which corresponds to twice
the non-local length ℓ in silicon of 180 nm at 300 K28. The fact that the heat
flux relaxation scale ℓ is larger than the average mean free path weighted by
the specific heat �Λ � 50 nm explains the emergence of nanoscale effects at
scales of hundreds of nanometers without invoking the notion ofmultiscale
phonon transport58. Conversely, instead of a sudden onset of non-Fourier
phenomena at a characteristic length scale, the ballistic model predicts a
gradual manifestation of nanoscale effects starting at length scales equal to

the longestmean free paths of theheat-carryingphonons,wherein a fraction
of thephonon spectrumbehaves ballistically and the rest diffusively22,24. This
behavior has been associated with superdiffusion and Lévy flights38, and
experimentally validated in alloys59–61. In pure semiconductors such as
silicon, these effects have also been suggested as a direct consequence of the
independent evolution of the phonon modes assumed by the RTA,
combined with the multi-scale mean free path spectrum obtained from ab
initio calculations18. Figure 1a illustrates this broad spectrum appearing as a
smooth increase in spectral thermal conductivity over multiple orders of
magnitude. Accordingly, nanoscale effects are predicted to arise even at
10 μm length scales.

Within the ballistic framework, the bulk ab initio mean free path
spectrum is not the only input spectrum currently being used to model
experiments. Alternatively, a phenomenological fit of the bulk conductivity,
known as the Holland spectrum39,62, is still being used to interpret experi-
ments in nanoscale silicon systems such as nanowires or phononic
crystals63,64. Although the Holland model was not inspired by collective
phonon effects, it displays a sharp decay of the cumulative conductivity at a
particular length scale around 2ℓ. Remarkably, since this is the size of the
boundary layerswherenon-Fourier effectsmanifest according toEq. (4), the
ballistic model with the Holland spectrum predicts a similar onset of
nanoscale effects as the hydrodynamic description (see Fig. 1).

Further differences between the two interpretations can be identified in
terms of the respective model applicabilities. For example, Fig. 1b illustrates
an evident limitation of the hydrodynamic approach. For very large
Knudsen numbers Kn ≫ 1, the hydrodynamic model with ab initio para-
meters clearly underestimates the effective conductivity of thefilms44. This is
associated with the limitations of the moment method in extremely con-
fined conditions,where the expansionof thedistributionon the lowest order
momentsmay be insufficient65. In such cases, it is under debate whether the
hydrodynamic description still holds, or whether the different phonon
modes become effectively uncorrelated and ballistic dynamics appear.
Previous work suggests that effective modeling is still possible for large
Knudsen numbers with parameters in Eq. (4) characterized
experimentally12,66 or fitted to molecular dynamics simulations67. Micro-
scopically, this would imply phonon scattering andmomentumdiffusion in
highly confined environments (Kn≫ 1) occur at length scales smaller than
the ab initio non-local length, which is calculated using density functional
theory, i.e., considering the phonon dispersion and force constants in infi-
nitely periodic crystals. Hence, reconciling ab initio calculations with the
hydrodynamic approach in extremely confined situations is still an open
question.

In the ballistic framework, on the other hand, it is recognized that
neglecting the inter-mode transitions as per Eq. (2) can inject unphysical
features in the modeling. One paradigmatic example is the violation of
energy conservation68, which can be addressed in the RTA picture by
considering deviational energy formulations of Eq. (1)35,38, or by introducing
a notion of pseudo-equilibrium temperature20. Additionally, the RTA
neglects the emergence of collective effects40,69, potentially arising in the
presence of normal collisions or in constrained phase spaces during phonon
evolution at the nanoscale. Indeed, the suitability of the RTA is often jus-
tified in terms of thermal conductivity predictions in bulk conditions. In
materials like silicon or germanium at non-cryogenic temperatures, where
normal collisions are present but not dominant, Eq. (3) reproduces the bulk
conductivity obtained from iterative methods and experiments with rea-
sonable accuracy. Consistently, Callaway’s approximation tomodel the role
of normal collisions in the bulk induces only a small correction for these
materials69.However,while accounting for intermode coupling is not critical
to describe the bulk behavior in standard semiconductors, this does not
necessarily imply that this approachwith ab initio (bulk) phonon properties
can be extrapolated to model nanoscale effects in the same materials70,71.

Inspecting phonon flow in silicon phononic crystals
As discussed above, the ballistic and hydrodynamic models display some
features that are not easily reconcilable froma theoretical point of view, such
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as the amount of relevant degrees of freedom for fλ and the number of
intrinsic phonon length scales required in each respective description.
However, as illustrated in Fig. 1b, comparing global metrics, such as the
apparent thermal conductivity and its deviation from bulk diffusion, to
experimental measurements4,39,72–78 is usually insufficient to discriminate
between the models. Therefore, analysis of local magnitudes under well-
defined confinement situations is necessary to clarify the nature of phonon
transport at the nanoscale and establish revised criteria for the applicability
of each model.

To this end, three-dimensional phononic crystals provide a telling case
of study. Recent experiments in this specific geometry have been modeled
using both the ballistic and hydrodynamic frameworks in refs. 10,12,
respectively. While these models provide an interpretation of the global
behavior, the underlying physics and local predictions according to each
model are not necessarily in agreement. Here, we consider a phononic
crystal consisting of crystalline silicon interrupted by periodically arranged
cubic empty pores (or voids) with side-length of 6.52 nm and periodicty of
13.03 nm. We consider both aligned and staggered distributions of pores.
These ordered porousmediums,with porosity of 12.5%, are small enough to
be efficiently simulated via molecular dynamics (MD). Therefore, for
benchmarking purposes, we also performnon-equilibriumMDsimulations
assuming the empirical Stillinger-Webber potential79. We consider a com-
putational domain consisting of three periodic unit cells between Langevin
thermostats at 310 K and 290 K, respectively. Thus, the total length of the
phononic crystals is 39.1 nm. Periodic boundary conditions are imposed
along the orthogonal directions to the thermal gradient. After thermalizing
the system at room temperature, the steady-state is reached by running the
simulation for 1 ns with a time step of 0.5 fs. Thereafter, the local heat flux
and apparent conductivity are averaged over the subsequent 4 ns using the
same time step size. Further details on the implementation of these MD
simulations can be found elsewhere12.

In Fig. 2, we present steady-state heat flux profiles in the phononic
crystal according to the ballistic and hydrodynamic implementations
described inBox 1 andBox2, respectively, alongwithMDsimulations and
the diffusive solutions based on Fourier’s law. A linear temperature decay
across the system is assumed in the ballistic calculation. First, we note that
the nanoscale models accommodate non-uniform heat flux profiles
between pores, in contrast to the diffusive prediction. At this large
Knudsen, however, the shape of the flux profile according to the hydro-
dynamic model with ab initio values for the parameters in Eq. (4)28 dra-
matically fails to reproduce MD67. Instead, ℓ, C, and κGK have been
modified to match the MD result in Fig. 2. In contrast, the ballistic pre-
diction uses ab initio inputs. This point emphasizes the necessity of
reconciling the microscopic phonon properties and the hydrodynamic
interpretation at large Knudsen12.

The heat flux distribution predicted by the ballistic model qualitatively
deviates from the MD solution, while the fitted hydrodynamic model
provides a reasonably good match throughout the system. Since the geo-
metry under consideration has characteristic length scales smaller than the
majority of phononmean free paths in bulk silicon, the ballistic model does
not predict significant internal scattering. Therefore, the behavior of pho-
nons is analogous to photons, and features such as ray-like propagation and
shadowing behind the pores emerge. This is in line with previous inter-
pretations in the highly confined limit9,10,80. In contrast, Eq. (4) predicts a
fluid-like accommodation of the phonon flow to the system geometry,
corresponding to symmetricheatfluxpatterns relative to thepore symmetry
planes and quadratic heat flux profiles along the interpore cross-sections.
Microscopically, this is a consequence of the collective diffusion of
momentum embodied in the hydrodynamic model, which is absent in the
ballistic description due to the lack of scattering. Remarkably, this collective
phonon evolution seems necessary to fully describe the MD predictions at
the local level of description, thus highlighting the necessity of revising the
ballistic assumption under the influence of confinement. More specifically,
the ballistic transfer of energy between boundaries by the large fraction of
phonons with bulk mean free pathmuch larger than the interpore distance

(cf. Fig. 1a) does not manifest in the atomistic simulations. This incon-
sistency may be associated with the use of bulk phonon properties to
describe ballistic transport in such confined environments, where the
phonon dispersion and the phonon-phonon scattering landscape may be
altered.

Although the discrepancies between the ballistic and hydrodynamic
models are evident in Fig. 2, the global apparent conductivity κ obtained
from the different models can be reconciled with experiments9,10,12. Never-
theless, the different phonon dynamics can potentially lead to different
global thermal responses. For example, according to the ballistic model,
staggered pores block the transfer of energy across the system along the
extended channels present in the aligned case, resulting in 9% increase on
apparent conductivity κ in the aligned geometry relative to the staggeredone
in Fig. 2. In contrast, the influence of the pore distribution is less significant
inMDor the hydrodynamic fit, which respectively indicate an increase on κ
of 5.1%and5.2% in the aligned geometry. Thefittedhydrodynamic scale ℓ is
smaller than the interpore distances and, hence, long-range correlations of
the flux patterns are not predicted. This attenuates geometric effects unlike
the RTA picture where phonons can ballistically travel long distances (cf.
Fig. 2). According to the hydrodynamic Eq. (4), the reduction of κ in the
staggered case is associated with viscous effects limiting the energy transfer
rate due to the enhanced curvature of the flux streamlines (i.e., regions
displaying larger ℓ2∇2q). Finally, the diffusive description is dominated by
the volume reduction effect on κ, thus it predicts nearly identical con-
ductivities for both geometries where the aligned case is only 1.4% higher.

Both the hydrodynamic and ballistic interpretations are based on the
particle-like picture of phonons, and any coherent effects potentially arising
due to phonon interference in the periodic system are neglected. According
to the results in Fig. 2, incorporating these phenomena does not seem key to
describing the MD results, which in principle include both the particle-like
and wave-like behavior of phonons. However, integration of coherent
effects in the ballistic picture has been shown to be relevant in describing the
global thermal conductivity in experiments in this particular system by
introducing the notion of the Rayleigh ballistic length10.

Finally, we note that the comparison between models can be extended
to a variety of nanostructures andnon-equilibriumsituations of interest. For
example, nanowires have been extensively investigated using both
hydrodynamic81,82 and ballistic83,84 approaches. Another relevant case of
study is the heat evacuation process from nanoscale heat sources on semi-
conductor substrates7,32.

Open challenges
Opportunities remain to advance our understanding of the BTE for mod-
eling heat transport and fully reconcile the different approaches from first
principles. On the one hand, while the ballistic approach has been shown to
be useful in estimating the apparent global conductivity in semiconductor
nanostructures, its underlying assumptions should be revised to capture the
local thermal response such as the heat flux distribution in highly confined
systems.On the other hand, the ab initio predictive power of hydrodynamic
theory has been shown to be limited to Kn≤ 1. Generalizing the moment
method to larger Knudsen is thus an outstanding challenge of remarkable
fundamental and technological relevance. To this end, comparison with
classical MD simulations, as illustrated in the previous section, or fully
quantum descriptions such as the nonequilibrium Green’s function
method85,86, represent a promising route.

Interestingly, these efforts to reconcile, or distinguish, the ballistic
interpretation and the emergence of collective, hydrodynamic effects in
nanoscale phonon transport are reminiscent of recent advances inmodeling
electron transport87,88. Electron hydrodynamics has been predicted and
predominantly observed in materials where electron–electron interactions,
which conservemomentum, aremuchmore frequent than themomentum-
relaxing collisions with impurities and boundaries89–91. This notion of
electron hydrodynamics, usually demonstrated using bulk resistance mea-
surements, is analogous to phonon hydrodynamics in two-dimensional
materials at low temperatures, where normal (momentum-conserving)
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collisions are abundant52,53. Notably, hydrodynamic electron signatures in
nanostructured systems, such as electron vortices, have also been identified
at ultralow temperatures, where momentum-conserving electron interac-
tions are infrequent92. This hydrodynamic flow93–95 is analogous to the
phenomenologydiscussed in this perspective,whichdoes not require strong
normal scattering and thus can emerge in materials such as silicon. How-
ever, electrons and phonons exhibit fundamental differences. For example,
since phonons are bosons, they are not restricted to a given Fermi volume.
Since the BTE for electrons can be characterized by a single scattering time
(representative of the carriers close to the Fermi surface), multiscale mean
free path spectra are not predicted by the RTA. These differences prevent
straightforward extrapolation of electron transport theories to phonons.

Nonetheless, establishing further connections between the kinetic and
mesoscopic interpretations of phonon and electron transport would be a
promising avenue to develop new charge and heat manipulation strategies.

The theoretical description of electron transport in nanosystems is
significantly more advanced than that of phonons, in part due to the
availability of complementary experimental techniques for measuring,
imaging, and manipulating electrical current88, such as nanoscale
magnetometry92,96–98. For phonon transport,many experimental capabilities
are limited to only indirect measurements of temperature, rather than
imaging local heat currents: most techniquesmonitor the thermal response
bymeasuring a relatedmanifestation such as optical reflectivity or dielectric
constant4,39,99–102, lattice expansion103, or electrical resistivity99,104–106. In

Fig. 2 | Thermal transport in three-dimensional phononic crystals. Top-left:
Aligned and Staggered geometries (d = 6.52 nm and P = 13.03 nm). Top-right:
Comparison of the temperature profile along the central periodic unit cell of the
alignedmetalattice. Bottom: Diffusive, hydrodynamic, ballistic, andMDpredictions
of the normalized heat flux distributions in phononic crystals with aligned and

staggered distributions of pores. TheMD predictions of the apparent conductivity κ
are 21.6 W/(m ⋅ K) and 20.55 W/(m ⋅ K) for the aligned and staggered cases,
respectively. The hydrodynamic model uses fitted parameter values to reproduce κ
and the flux profiles from MD: κGK = 48 W/(m ⋅ K), ℓ = 0.9 nm, and C = 0.6.
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addition, experiments are typically interpreted employing an effective-
diffusion model to extract an apparent thermal conductivity, which is then
compared to more advanced models10,32,107. Unfortunately, analyzing raw
experimental data through the lens of diffusion masks the underlying
microscopic physics7; thus, competing theories of thermal transport are
validated only at a global level, leading to a plethora of interpretations for
similar thermal behaviors despite widely varying microscopic foundations,
as is demonstrated in Figs. 1 and 2. Finally, while techniques such as Raman
thermometry102 and ultrafast X-ray scattering108 can probe single phonon
modes, they are often limited in either time or space resolution and do not
capture the collective phonon behavior.

These challenges illustrate the compelling need for experimental
thermal measurement techniques that can directly map phonon transport
in complex three-dimensional geometries with nanoscale spatial resolution
and picosecond temporal resolution. In addition, measurement tools
agnostic of a particular transport model, i.e., which do not require a layer of
effective diffusive modeling, are indispensable to distinguish the underlying
phonon physics around the key questions formulated in this perspective,
such as the intrinsic phonon length scales thatmanifest under confinement.

Data availability
Data is provided within the manuscript file.
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